GENERALIZED FIBRE SUMS OF 4-MANIFOLDS AND THE 
CANONICAL CLASS 



M. J. D. HAMILTON 

ABSTRACT. In this article we determine the integral homology and cohomol- 
ogy groups of a closed 4-manifold X obtained as the generalized fibre sum of 
two closed 4-manifolds M and N along embedded surfaces of genus g and self- 
intersection zero. If the homologies of the 4-manifolds are torsion free and the 
surfaces represent indivisible homology classes, we derive a formula for the in- 
tersection form of X. If the 4-manifolds M and N are symplectic and the surfaces 
symplectically embedded we also derive a formula for the canonical class of the 
symplectic fibre sum. 
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In this article we are interested in the generalized fibre sum of closed oriented 4- 
manifolds M and N along closed embedded surfaces £m and Sat of genus g. We 
always assume that both surfaces represent non-torsion homology classes and have 
self-intersection zero, i.e. their normal bundles are trivial, and choose embeddings 

i M ■ £ -> M 
i N : £ ^ N 
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that realize the surfaces as images of a fixed closed surface E of genus g. The 
generalized fibre sum X = X{4>) = M#y, m =y> n N is defined as 

X(4>) = M' N' 

where M' and N' denote the manifolds with boundary Sx5' obtained by deleting 
the interior of tubular neighbourhoods E x D 2 of the surfaces in M and N and (f> 
is an orientation reversing diffeomorphism cf> : dM' — » dN' that preserves the S* 1 
fibration and covers the diffeomorphism o %z} between the surfaces. 

In the first part of this article in Sections [4] to [6] we calculate the integral homol- 
ogy and cohomology groups of the 4-manifold X obtained as a generalized fibre 
sum of M and N. To do so, we will first calculate in Section [3] the homology and 
cohomology of the complement M' = M \ int vY^m an d determine the mapping 
induced by the gluing diffeomorphism 4> on the homology of the boundaries dM' 
and dN' in Section 12.21 The homology and cohomology groups of X are then 
derived by Mayer- Vietoris arguments from the corresponding groups of M' and 
N'. 

For example, having calculated the first cohomology H (X), we can determine 
the Betti numbers of X: Let d denote the dimension of the kernel of the linear map 

%M@iN- #i(E;R) — ► fl"i(M;K)efri(JV;R) 
of M- vector spaces. Then we have: 

Corollary 1. The Betti numbers of a generalized fibre sum X = M^y, m= x, n N 
along surfaces Em and E^ of genus g and self-intersection are given by 

b (X) = b 4 (X) = 1 

h(X) = b 3 (X) = h(M) + bi (N) -2g + d 
b 2 (X) = b 2 (M) + b 2 (N) - 2 + 2d 
b+(X) = b+(M) + bt(N)-l + d 
b 2 (X)=b 2 {M) + b 2 {N)-l + d. 

The formulae for H 1 {X), H X (X) and H 2 (X) can be found in Theorems [38] HU 
and [56] Similar formulae exist in several places in the literature, in particular in 
some special cases, for example ll2ll4ll5ll6l[8lfT2l. 

In Section [6] we derive a formula for the intersection form of X in the case that 
the cohomologies of M, N and X are torsion free and the surfaces Em and E^ 
represent indivisible classes. Let Bm be a surface in M such that £?m ■ Em = 1 
and let P(M) denote the orthogonal complement to the subgroup ZBm © ZEm in 
the second cohomology of M. We then get a splitting 

H 2 {M) = P(M) © TLB M © ZE m . 

An analogous splitting exists for H 2 (N). We want to derive such a splitting for 
H 2 (X) together with a formula for the intersection form. First, a choice of framing 
for the surface Em, i-e. a trivialization of the normal bundle, determines a push- 
off E M of the surface into the boundary dM' and this surface determines under 
inclusion a surface Ex in X. A similar surface Y' x is determined by a framing 
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for E^r. Depending on the homology of X and the gluing diffeomorphism, the 
surfaces Ex and Tl x do not necessarily define the same homology class in X. The 
surfaces Bm and Bx minus a disk sew together to define a surface Bx in X with 
intersection number Bx^x = 1- We then have: 

Theorem 2. Let X = M#y; m= -£ n N be a generalized fibre sum of closed oriented 
4-manifolds M and N along embedded surfaces Em, Ejv of genus g which repre- 
sent indivisible homology classes. Suppose that the cohomology of M, N and X 
is torsion free. Then there exists a splitting 

H 2 (X; Z) = P(M) © P{N) © (S'{X) © R(X)) © {ZB X © ZE X ), 

where 

{S'(X) © R(X)) = (ZSi © ZRi) © ... © (ZS d © ZRa). 

The direct sums are all orthogonal, except the direct sums inside the brackets. In 
this decomposition of i^ 2 (X;Z), the restriction of the intersection form Qx to 
P(M) and P(N) is equal to the intersection form induced from M and N and has 
the structure 

M + N 1 

1 

on ZBx © ZYjx and the structure 

S 2 1 



1 



on each summand TLSi © ZPL. 



In this formula the classes in S'(X) are split classes, sewed together from sur- 
faces in M' and N' which bound curves on the boundaries dM' and dN' that get 
identified under the gluing diffeomorphism 0. The group R(X) is the group of 
rim tori in X and the integer d is the dimension of the kernel of the map %m ®in 
above. The formula for the intersection form is similar to a formula for the simply- 
connected elliptic surfaces E(n) which can be found, for example, in Q2]]. 

Given the decomposition of H 2 (M) as a direct sum above, we get an embedding 
of H 2 (M) into H 2 (X) by mapping Bm to Bx, Em to Ejf and taking the identity 
on P(M). This embedding does not in general preserve the intersection form, 
since B 2 X = B M + B^. There exists a similar embedding for H 2 (N) into H 2 (X), 
mapping Bn to Bx and E^r to EC. Heuristically, we can think of H 2 (X) as 
being formed by joining H 2 (M) and H 2 (N) along their "nuclei" 7LB M ® ZS M 
and ZBx © ZE^r, which form the new nucleus 2,Bx © ZT>x of X by sewing 
together Bm and B^ to the surface Bx- There are additional summands coming 
from the split classes and rim tori groups that do not exist in the closed manifolds 
M and N separately. 

Finally, we consider the symplectic case: Suppose that M and N are symplectic 
manifolds and Em and E x symplectically embedded surfaces of genus g. Then 
the generalized fibre sum X admits a symplectic form. In Section [7] we derive a 
formula for the canonical class of X under the same assumptions as in the theorem 
on the intersection form of X. The formula can be written as: 
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Corollary 3. Under the embeddings of H 2 (M) and H 2 (N) into H 2 (X), the 
canonical class of X = M#-e m= y, n N is given by 

d 

K X = K M + K N + X X + £'x - (2g - 2)B X + ^ URi, 

i=l 

where t t = K M Df - K N D?. 

The numbers KmD^ and K^Df in the rim tori contribution to the formula 
are the evaluation of the canonical classes of M and N on certain surfaces in M' 
and N' bounding curves on the boundary. In particular, suppose that g = 1, the 
coefficients t\,...t^ vanish and Ex = Yl' x . Then we get the classical formula for 
the generalized fibre sum along tori 

K X = K M + K N + 2V X , 

which can be found in the literatur, e.g. [23]. 

The final Section [8] contains some applications of the formula for the canonical 
class, for example to the case of fibre sums along tori when there exists a rim tori 
contribution. We will also compare the formula to a formula of Ionel and Parker 
lfl"5l . Using the formula for the canonical class and for the intersection form, we 
can also directly check the equation 

K 2 x = K 2 M + K 2 N + (8g-8) 

which can be derived in an elementary way from the identity c 2 (X) = 2e{X) + 
3a(X). 

Acknowledgements. The content of this article is part of the author's Ph.D. the- 
sis, submitted in May 2008 at the University of Munich. I would like to thank 
D. Kotschick, who supervised the thesis, and J. Bowden for discussions about the 
canonical class. I would also like to thank the Studienstiftung and the DFG for 
financial support. 

2. Definition of the generalized fibre sum 

In the following, we use for a topological space Y the abbreviations H*(Y) and 
H*(Y) to denote the homology and cohomology groups of Y with ^-coefficients. 
Other coefficients will be denoted explicitly. The homology class of a surface and 
the surface itself are often denoted by the same symbol. Poincare duality is often 
suppressed, so that a class and its Poincare dual are denoted by the same symbol. 

Let M and N be closed, oriented, connected 4-manifolds. Suppose that Em 
and £yv are closed, oriented, connected embedded surfaces in M and N of the 
same genus g. Let i/S^ and ^Ejv denote the normal bundles of Ejvf and Sat. 
The normal bundle of the surface Sm is trivial if and only if the self-intersection 
number Y? M is zero. This follows because the Euler class of the normal bundle 
is given by e(i/£^) = i*PZ)[Sjy], where i: Em — ► M denotes the inclusion. 
Hence the evaluation of the Euler class on the fundamental class of Em is equal 
to the self-intersection number of T,m in the 4-manifold M. From now on we will 
assume that £ u and E jv have zero self-intersection. 
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For the construction of the generalized fibre sum we choose a closed oriented 
surface E of genus g and smooth embeddings 

i M ■ £ — ► M 
i N :E — > N, 

with images Em and E^r. We assume that the orientation induced by the embed- 
dings on Em and E^r is the given one. 

Since the normal bundles of Em and E^r are trivial, there exist trivial D 2 - 
bundles i/Sm and i/Ejv embedded in M and N, forming closed tubular neigh- 
bourhoods for Em and Eat. We fix once and for all embeddings 

r M : E x S 1 — ► M 

tn-.ZxS 1 — >N, 

with images dvTiu and dvY*N, commuting with the embeddings %m and above 
and the natural projections 



p: 


E x S 1 - 


-► E 


PM- 




-> Em 


PN- 


dvT>N — 


> E^. 



The maps tm and tat form fixed reference trivialisations for the normal bundles 
of the embedded surfaces Em and E^ and are called framings. Taking the image 
of E times an arbitary point on S 1 , the framings tm and tn determine sections 
of the S^-bundles 8vT,m and dvT>N- These sections correspond to push-offs of 
the surfaces Em and E^ into the boundary of the tubular neighbourhoods. Since 
trivializations of vector bundles are linear, the framings are completely determined 
by such push-offs. 

Definition 4. We denote by E M and E^ push-offs of Em and E^ into the bound- 
aries dvY,M and dvT>N given by the framings tm and tn- 

We set 

M' = M\ int^EM 
N' = iV\int^EAr 

which are compact, oriented 4-manifolds with boundary. The orientations are cho- 
sen as follows: On E x D 2 choose the orientation of E followed by the standard 
orientation of D 2 given by dx A dy. We can assume that the framings tm and 
tn induce orientation preserving embeddings of E x D 2 into M and N as tubu- 
lar neighbourhoods. We define the orientation on E x S 1 to be the orientation of 
E followed by the counter-clockwise orientation of S 1 . This determines orienta- 
tions on dM' and dN'. Both conventions together imply that the orientation on 
dM' followed by the orientation of the normal direction pointing out of M' is the 
orientation on M. Similarly for N. 

We want to glue M 1 and N' together using diffeomorphisms between the bound- 
aries which preserve the fibration of the 5 1 -bundles dvY>u and 3vY>n and cover 
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the diffeomoiphism ° . Since the group Diff + (S' 1 ) retracts onto 50(2), ev- 
ery orientation and fibre preserving diffeomorphism £ x 5 1 — > £ x 5 1 covering 
the identity is isotopic to a diffeomorphism of the form 

F: £ x 5 1 -» £ x 5 1 , 

(x, a) i— > (x, C(x) • a), 

where O: £ — > 5 1 is a map and multiplication is in the group 5 . Conversely, 
every smooth map O from £ to 5 1 defines such an orientation preserving bundle 
isomorphism. Let r denote the orientation reversing diffeomorphism 

r : £ x 5 1 — > £ x 5 1 , (x, a) i— > (x, a), 

where 5 1 C C is embedded in the standard way and a denotes complex conjuga- 
tion. Then the diffeomorphism 

p = For: £ x 5 1 -> £ x 5 1 , 

(x, a) i— > (x, C{x)a) 

is orientation reversing. We define 

(2) = 0(O) = tat o p o r A /. 

Then is an orientation reversing diffeomorphism <f>: 8vT,m — ► disY,^, preserv- 
ing the circle fibres. If C is a constant map then is a diffeomorphism which 
identifies the push-offs of Sm and S^r. 

Definition 5. Let M and ./V be closed, oriented, connected 4-manifolds M and 
N with embedded oriented surfaces £ jy/ and £jv of genus g and self-intersection 

0. The generalized fibre sum of M and N along £m and £jv, determined by the 
diffeomorphism cj), is given by 

x{4>) = W u n'. 

X{4>) is again a differentiable, closed, oriented, connected 4-manifold. 

See the references [ 10] and lfl9l for the original construction. The generalized 
fibre sum is often denoted by M#s M= s Ar A r or M#sN and is also called the 
Gompf sum or the normal connected sum. If (M,um) and (N,un) are sym- 
plectic 4-manifolds and Hm, £tv symplectically embedded surfaces, the manifold 
M#z M= z N N admits a symplectic structure, cf. Section|7] 

In the general case, the differentiable structure on X is defined in the following 
way: We identify the interior of slightly larger tubular neighbourhoods z^£' M and 
vT! N via the framings tm and tn with £ x D where D is an open disk of radius 

1. We think of dM' and ON' as the 3-manifold £ x 5, where 5 denotes the 
circle of radius 1 / v2. Hence the tubular neighbourhoods vY, m and f £ jy above 
have in this convention radius l/y/2. We also choose polar coordinates r, 9 on D. 
The manifolds M \ £m and N \ £at are glued together along int vY! M \ £ju and 
int \ £a? by the diffeomorphism 

$: £ x (D \ {0}) -► £ x (D \ {0}) 

(3) > 

(x, r, 0) h-> (x, \/l-r 2 , O(x) - 0). 
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This diffeomorphism is orientation preserving because it reverses on the disk the 
orientation on the boundary circle and the inside-outside direction. It preserves the 
fibration by punctured disks and identifies DM' and dN' via </>. 

Definition 6. Let Ex denote the genus g surface in X given by the image of the 
push-off E A/ under the inclusion M' — > X. Similarly, let E x denote the genus g 
surface in X given by the image of the push-off T, N under the inclusion N' — > X. 

In general (depending on the diffeomorphism (j) and the homology of X) the 
surfaces Ex and T,' x do not represent the same homology class in X but differ by 
a rim torus, cf. Lemma [48] 

2.1. Isotopic gluing diffeomorphisms. Different choices of gluing diffeomor- 
phisms 4> can result in non-diffeomorphic manifolds X ((/)). However, if 4> and 
(j)' are isotopic, then X(<p) and X{<p') are diffeomorphic. We want to determine 
how many different isotopy classes of gluing diffeomorphisms <fi of the form above 
exist. We first make the following definition: 

Definition 7. Let C : E -> S 1 be the map used to define the gluing diffeomorphism 
(j) in equation (OQ). Then the integral cohomology class [C] G -^(E) is defined by 
pulling back the standard generator of We sometimes denote [C] by C if 

a confusion is not possible. 

Suppose that 

C,C: E -» 5 1 , 

are smooth maps which determine self-diffeomorphisms p and p' of E x S 1 and 
gluing diffeomorphisms 0, 0' : dvY^M — ► QvYj^ as before. 

Proposition 8. T/je diffeomorphisms 0,0': BuT^m — > dvY^N are smoothly iso- 
topic if and only if [C] = [C] G i? 1 (E). /« particular, if the maps C and C 
determine the same cohomology class, then the generalized fibre sums X{cf) and 
X ((/>') are diffeomorphic. 

Proof. Suppose that <p and (j)' are isotopic. The equation 

P = Tn 1 °4>°tm, 

implies that the diffeomorphisms p, p' are also isotopic, hence homotopic. The 
maps C, C can be written as 

C = pr o p o t, C = pr o p o i, 

where i : E — ► E x S 1 denotes the inclusion x >—>■ (x, 1) and pr denotes the projec- 
tion onto the second factor in E x S . This implies that C and C are homotopic, 
hence the cohomology classes [C] and [C'\ coincide. 

Conversely, if the cohomology classes [C] and [C'\ coincide, then C and C are 
homotopic maps. We can choose a smooth homotopy 

A: E x [0,1] — ► S\ 

(x,t) i ^ A(x,t) 
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with Ao = C and Ai = C. Define the map 

R : (E x S 1 ) x [0,1] — ► E x 5 1 , 
(x,a,t) i ^ i? t (x,a), 

where 

i?t(x, a) = (x, A (or, t) ■ a). 
Then i? is a homotopy between p and p'. The maps i? t : E x S 1 — > E x S l are 
diffeomorphisms with inverse 



where A(y,t)~ 1 denotes the inverse as a group element in S 1 . Hence R is an iso- 
topy between p and p' that defines via the framings tm and rjy an isotopy between 

4> and (f>'. □ 

2.2. Action of the gluing diffeomorphism on homology. In this subsection we 
determine the action of the gluing diffeomorphism <p : dM' — > cW on the homol- 
ogy of the boundaries dM' and ON'. We first choose bases for these homology 
groups using the framings tm and rjv. 

First choose a basis for H± (E) consisting of oriented embedded loops 71 , . . . , 72^ 
in E. For each index i, we denote the loop 7^ x {*} in E x S 1 also by 7$. Let er 
denote the loop {*} x in E x S 1 . Then the loops 

7i,---,72 9 ,cr, 

represent homology classes (denoted by the same symbols) which determine a ba- 
sis for Hi(E x S 1 ) = I? 9+1 . 

Definition 9. The basis for the first homology of dvY^M and dvT>N is chosen as: 

M M 
7i = T~M*7i, <? = Tm*V 

N N 

For i?2(E x S 1 ) we define a basis consisting of elements Ti, . . . , T2 9 , E such 
that the intersection numbers satisfy the following equations: 

IV7j = l, i=l,...,2g, 

E-cr= 1, 

and all other intersection numbers are zero. By Poincare duality, this basis can be 
realized by choosing the dual basis 7*, . . . , 7^, a* in the group i? 1 (E x S" 1 ) = 
Hom(.£/i(E x S 1 ), Z) to the basis for the first homology above and defining 

I\ = PL>( 7 *), i = l,...,2g, 
£ = PD(a*). 

Definition 10. The basis for the second homology of dvY*M and dvT>N is defined 
as: 

T^ = TM*Tj, E M = TM*E 
= TN*Ti, T, N = Tjv*E. 
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The class T, M can be represented by a push-off of Ea/ determined by the fram- 
ing tm- The classes Tf 1 have the following interpretation: We can choose a basis 
7Ti, . . . , TT2 g of fli(E) such that 

TTi • 7j = 

for all indices The existence of such a basis follows because the intersection 
form on H\ (E) is symplectic. The intersection numbers of the immersed tori 7Tj x a 
in S x S 1 with the curves jj are given by 

(m x a) ■ 7j = <%, 

hence these tori represent the classes Tj. 

Definition 11. For the basis 71, ... , 72^ of i?i(E) above define the integers 

a 4 = deg(Co 7i : S 1 ^ 1 ) 
= ([Cl, 7i ) = (C,7i)€Z. 

The integers aj together determine the cohomology class [C] . Since the map C can 
be chosen arbitrarily, the integers ctj can (independently) take any possible value. 

Lemma 12. The map 0* : H\(dvY>M) —* H\(dvY>N) is given by 

0*7f = 7f + a^, i = l,...,2<7 

Proof. We have 

P(7i (<),*) = (7i (*),(<? o 7i ) (*)•*), 
which implies on differentiation = % + a^cr for all £ = 1, ... , 2g. Similarly, 

p(* s t) = (*,C(*).t), 

which implies /j*<7 = — <r. The claim follows from these equations and equation 
©. □ 

Lemma 13. The map : H2(8uT,m) - ► H^idvYiN) is given by 

0*rf = -rf, i = i 2^ 

/ 29 \ 



vi=l 



Proof. We first compute the action of p on the first cohomology of E x S 1 . By the 
proof of Lemma [I2l 

(P^ 1 )*7i = 7i + i = l, ...,2g 

= -(J. 
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We claim that 

{p- 1 Tiit) = ih » = i,...,: 



' 2g \ 

Vl=l / 



This is easy to check by evaluating both sides on the given basis of Hi(L x S 1 ) 
and using ((p _1 )*yu,u) = (/i, (p^ 1 )^). By the formula 

(4) A*(A*a n/3) = an A*/3, 

for continuous maps A between topological spaces, homology classes /? and co- 
homology classes a (see (U Chapter VI, Theorem 5.2]), we get for all classes 

fx G H*(E x S 1 ), 



(5) 



p*PD( P *n) = p tf (j>*nn[v x s 1 ]) 
= /in^*[s x s 1 } 
= -/ 1 n[Sx s 1 ] 



since p is orientation reversing. This implies p*PD(p) = —PD((p 1 )*p) and 
hence 

p*Ti = -Ti, i = l,...,2g, 



f 2g \ 



The claim follows from this. □ 

Proposition 14. The diffeomorphism <p is determined up to isotopy by the differ- 
ence of the homology classes 4>*'^ M and Y> N in dis^N- 

Proof. This follows because by the formula in Lemma [13] above, the difference 
determines the coefficients aj. Hence it determines the class [C] and by Proposition 
[8]the diffeomorphism <p up to isotopy. □ 

We fix the following notation for some inclusions of manifolds into other mani- 
folds: 



PM- 


M' 


M 


PM '■ 


dvY*M 


-> M' 


3M ■ 


a M ^ 


M' 


VM- 


M' 


x. 



and corresponding maps for N. For simplicity, the maps induced on homology and 
homotopy groups will often be denoted by the same symbol. 
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3. The homology and cohomology of M' 

Let M be a closed, oriented 4-manifold and Hm C M a closed, oriented, con- 
nected embedded surface of genus g of self-intersection zero. We denote a closed 
tubular neighbourhood of T,m by vY,m and l et M' denote the complement 

M' = M\intz/£ M - 

Then M' is an oriented manifold with boundary <9z/£j\/. As above we choose a 
fixed closed oriented surface S of genus g and an embedding 

i: £ -► M 

with image Em. We continue to use the same notations for the framing and the 
embeddings as in the previous section. However, we will often drop the index M 
on the maps to keep the formulae notationally more simple. 

We always assume in this section that the surface £m represents a non-torsion 
class, denoted by the same symbol T>m £ Hi(M). On the closed 4-manifold M, 
the Poincare dual of £ m acts as a homomorphism on H2(M), 

{PD(E M ),-):H 2 (M)^Z. 

Since the homology class is non-torsion, the image of this homomorphism 
is non-zero and hence a subgroup of Z of the form kj^Z with fcjvf > 0. We as- 
sume that Tim is divisible by i.e. there exists a class Am £ i?2(M) such that 
£m = fcju^M- This is always true, for example, if H2(M) = H 2 (M) is torsion 
free. We also define the homology class ^4' M to be the image of Am under the 
homomorphism 

(6) H 2 (M) -► tf 2 (M, S M ) ^ 2 (M', 0Af'), 

where the first map comes from the long exact homology sequence for the pair 
(M, Em) and the second map is by excision and the 5-Lemma. 

Remark 15. The results in Section 13.11 and Proposition ED hold without the as- 
sumption that the surface £jv/ has self-intersection zero. 

In the following calculations we will often use the Mayer- Vietoris sequence for 
the decomposition M = M' U i^E^: 

. . . -» H k (8M') - H k (M') © fr fc (E) -> ff fe (M) -» ff fc _i(0Af ) -> . . . 

with homomorphisms 

We also use the Mayer- Vietoris sequence for cohomology groups. 

Lemma 16. The following diagram commutes up to sign for every integer p: 

H p (M',dM') — H p ^i(dM') 



H 4 ~P(M') H 4 ~P(dM') 
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where the vertical isomorphisms are Poincare duality. 

A proof for this Lemma can be found in [1 , Chapter VI, Theorem 9.2]. 

3.1. Calculation of ffi(M') and H 1 ^'). We begin with the calculation of the 
first cohomology of the complement M' . 

Proposition 17. There exists an isomorphism H 1 (M') = H 1 (M). 
Proof. This follows from the long exact sequence in homology for the pair (M, Em): 
- H 3 (M) - H 3 (M, S M ) - H 2 (V M ) -U H 2 {M) - . . . 

The map 

i: # 2 (£ A f) =Z-»fl2(M) 

is injective, since the class Y*m is non-torsion. This implies that H 3 (M, Hm) — 
H 3 {M). Hence by excision and Poincare duality 

H 1 ^!') 9* H 3 (M',dM') ^ H 3 (M,T, M ) = H 3 (M) ^ H l (M). 

□ 

We can now calculate the first homology of the complement. 
Proposition 18. There exists an isomorphism Hi(M') = H\{M) © Zj, M . 
Proof. By Proposition [2l1 we have 

Tor# 2 (M') ^ Tot(H 2 (M)/ZPD(E m )) 

Tov(H 2 (M)/Zk M PD(A M )) 

Tori/ 2 (M) © ZPD(A M )/k M ZPD(A M ) 

TorH 2 (M) © Z kM PD(A M ). 

The third step follows because the class A m is indivisible and of infinite order. The 
Universal Coefficient Theorem implies that 

ToriJ 2 (M) = Ext(fli(Af),Z) ToriTi(M), 

and similarly for M' . This implies 

Tori7i(M') ToriJx(M) © Z fcM . 

Using again the Universal Coefficient Theorem we get 

Hi(M') H X {M') ©ToriJi(M') 

^ ff x (M) © ToriJi(M) © Z fcM 
= H\{M) © Zfc M . 

□ 

A similar calculation has been done in lfl4l and ll22l for the case of a 4-manifold 
M under the assumption H\(M) = 0. The fundamental group of the complement 
M' can be calculated as follows: 
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Proposition 19. The fundamental groups of M and M' are related by 

7ri(M) vri(M')/iV(a M ), 

where N(o~ M ) denotes the normal subgroup in tti(M') generated by the meridian 
a M to the surface Em- 

The proof, which we omitt, is an application of the Seifert-van Kampen theorem. 
Taking the abelianization of the exact sequence 

-» N(a M ) -> vri(M') -> tti(M) -» 

we get with Proposition [T8l 

Corollary 20. The first integral homology groups of M' and M are related by the 
exact sequence 

(7) - Z feM i (AT') -A H X (AT) - 0. 

which splits. The image of j is generated by the meridian o~ M to the surface Em- 
Proofs for the last two statements can be found for example in lfl3l Appendix]. 

3.2. Calculation of H 2 (M'). In this subsection we determine the second coho- 
mology of the complement M' . 

Proposition 21. There exists a short exact sequence 

— ► H 2 (M)/ZZ M H 2 (M') — ► ker(i: #i(E M ) -» fli(M)) — ► 0. 

This sequence splits, because H\{T>m) is torsion free. Hence there exists an iso- 
morphism 

(8) H 2 (M') 9* (iT 2 (M)/ZE M ) keri. 

Proof. We consider the long exact sequence in cohomology associated to the pair 

(M, M')\ 

. . . -> H 2 (M,M') -> F 2 (M) ^> # 2 (M') £ H 3 {M,M') -» F 3 (M) -»■ . . . 

By excision, Poincare duality and the deformation retraction z/E m — > Em we have 
for all indices m: 

H m (M, M') * H m (vZ M ,dvZ M ) = H 4 _ m {vZ M ) * tf 4 - m (E M ). 

It follows that the map H m (M, M') —> H m (M) is equivalent under Poincare 
duality to the map i: i?4_ m (EM) —* H^ m {M). With m = 2,3, this proves the 
claim. □ 

Remark 22. An explicit splitting can be defined as follows: The images of loops 
representing the classes in ker i under the embedding i : E — > M bound surfaces 
in M. Using the trivialization tm we can think of these loops to be on the push-off 
E M and the surfaces they bound in M' . In this way the elements in ker i determine 
classes in H 2 (M') s H 2 (M' , dM'). 
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Definition 23. Choose a class Bm £ H 2 (M) with Bm • Am = 1- Such a class 
exists because Am is indivisible. We denote the image of this class in H 2 (M') = 
H 2 (M', dM') by B' M . 

The surface representing Bm can be chosen such that it intersects the surface 
Em in precisely ku transverse positive points: By Propositionl20lthe curve fcjvfc 
on dM' is null-homologous in M', hence it bounds a surface B' M . In the manifold 
M we can then sew &m disk fibres of the tubular neighbourhood of Em to the 
surface B' M to get the surface Bm that intersects Em in exactly ku points. 

Consider the subgroup in H 2 (M) generated by the classes Bm and AmQ 

Definition 24. Let P(M) = (ZB M © ZAm) 1 - denote the orthogonal complement 
in H 2 (M) with respect to the intersection form. The elements in P(M) are called 
perpendicular classes. 

Since A 2 M = and Am • Bm = 1, the intersection form on these (indivisible) 
elements looks like 




Since this form is unimodular (it is equivalent to H if B 2 M is even and to (+1) © 
(— 1) if B 2 M is odd) it follows that there exists a direct sum decomposition 

(9) H 2 {M) = ZB M ZA M © P(M). 

The restriction of the intersection form to P(M) modulo torsion is again unimodu- 
lar (see lPl2l Lemma 1.2. 12]) and P(M) has rank equal to b^iM)— 2. The following 
lemma determines the decomposition of an arbitrary element in H 2 (M) under the 
direct sum (©: 

Lemma 25. For every element a G H 2 (M) define a class a by the equation 

(10) a = (a ■ A M )B M + (a ■ B M - B 2 M (a ■ A M ))A M + a. 
Then a is an element in P{M), hence orthogonal to both Am and Bm- 

Proof. Writing a = a Am + bBjM + a, the equations a • Am = and a • Bm 
determine the coefficients a and b. □ 

Since Em = kM-^M, we can now write 

ff 2 (M)/ZE M ^ Z kM A M ZB M © P(M). 

Definition 26. We define P(M) Am = H 2 (M)/(ZZ M © %B M ) = Z ku A M © 
P(M). 

Proposition 27. Suppose that the surface Em has zero self-intersection. Then 
there exists an isomorphism 

H 2 (M') P{M) Am © ZB M ® keri. 



This subgroup corresponds to the Gompf nucleus in elliptic surfaces defined as a regular neigh- 
bourhood of a cusp fibre and a section, cf. 1 1 1 II 1 21 . 
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This proposition shows that the cohomology group H 2 (M') decomposes into 
elements in the interior of M' coming from M (i.e. elements in P{M)a m ), classes 
bounding multiples of the meridian to Sm (multiples of Bm) and classes bounding 
curves on the push-off T, M (elements of ker i). 

Before we continue with the calculation of H2(M'), we derive explicit expres- 
sions for the maps 

p* : H k (M') -> H k (dM'), k = 1, 2 

and choose certain framings such that p* : H\{dM') — ► Hi(M') has a normal 
form. 

3.3. Adapted framings. In this subsection, we define a particular class of fram- 
ings tm which are adapted to the splitting of H\(M') into H\{M) and the torsion 
group determined by the meridian of T>m as in Proposition [l8j This is a slightly 
"technical" issue which will make the calculations much easier. If the homology 
class representing Em is indivisible (k^ = 1), then there is no restriction and 
every framing is adapted. 

By Corollary l20l there exists an isomorphism of the form 

s: Hi(M') — > H\(M) © Zfc M 
a h-> (p*a,A(a)). 

The framing tm should be compatible with this isomorphism in the following way: 
The composition 

(11) H±(dM') A tfi(M') A Hi(M) © Z kM 
should be given on generators by 

(**7i,0) 
a M i — > (0,1). 

Consider the exact sequence 

(12) H x (dM') -» #i(M') © fTi(S) -► Hi(M), 
coming from the Mayer- Vietoris sequence for M. It maps 

if ^ 0*7*^,7*) ^ P*V*lf ~ i*H 
a M ^(^a M ,0) ^p*p*a M . 

By exactness of the Mayer- Vietoris sequence, we have p^p^f 1 = i*^ and p*p*a M = 
0, where as before ^f 1 is determined by 73 via the trivialization tm- The isomor- 
phism s above maps 

M*7f -> (p*wt*,A(tJL*>yt* )) = (i.TiMC^)) 
/i*cr M ' ^ (0,1). 
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Let [cf 1 ] denote the numbers A^i^f 1 ) G %>k M - ^ f°ll° ws that the composition in 
equation (fTTTt is given on generators by 

if » (i.7*, [<¥]) 
a M ' ^ (0,1). 

We can change the reference framing tjm to a new framing t' m such that 7^ 
changes to 

li =li ~ Ci cr , 
for all i = 1, . . . , 2g and a M stays the same. This change can be realized by a 
suitable self-diffeomorphism of dvY^M according to the proof of Lemma [121 The 
composition in equation (fTTT) now has the form 

7f' ~(vy<>0) 

a M ^ (0,1). 

Lemma 28. There exists a trivialization tm of the normal bundle of T,m in M, 
such that the composition 

H±{dM') A Hi(M') A H\(M) Z kM 

is given by 

li 1 >-> (**7i,0), i = l,...,2g 
a M 1 ^ (0,1). 
A framing with this property is called adapted. 

Every framing is adapted if /cm = L since in this case Hi(M') and H\(M) are 
isomorphic and a M is null-homologous. 

3.4. Calculation of the map pf o p* : iT^M) -> H x (dM'). We consider the 
map 

p*: JT 1 (Af / ) H x {dM'). 

By the proof of Proposition [T7J the map p* : H l (M) — ► H l (M') is an isomor- 
phism. The framing rj\/ defines an identification 

H l (dM') 2* JT^S) ®ZPD(T, M ), 

where S M denotes the push-off of the surface S M and PD(£ M ) = cr M *. We 
want to derive a formula for the composition 

H X (M) ^ H l (M') H l (dM') s ff^E) ZPL>(£ M ). 
Let a € H l (M). Then by the exactness of the Mayer-Vietoris sequence (fl2l ) 

/ * * M \ / M\ 

= (a,»*7i) 
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and 

{p p a,a { ) = {a,p*(j,*(T } 
= 0. 

Hence we have: 

Lemma 29. The composition 

p* op* : H X (M) -> H 1 ^) © ZRD(£ M ) 

is equal to i* © 0. 

3.5. Calculation of the map p* : H 2 (M') H 2 (dM'). Using the framing r M 
of the surface Y,m we can identify 

H 2 (dM') ^ Fi(S x S 1 ) Z © #i(£), 

where the Z summand is spanned by PD(a M ). We can then consider the compo- 
sition 

(H 2 (M)/ZT lM ) ffikeri ^ H 2 {M') £ H 2 (dM') ^Z©#i(E). 
Proposition 30. 77j<? composition 

(13) p*: (if 2 (M)/Z£ M ) ffiferi -» Z©i?i(S) 

jj g/ven fey 

([F],a)^(y-S M ,a). 

The map is well-defined in the first variable since Y? M = and takes image in 
fcjy/Z, since Em is divisible by &m- The map in the second variable is inclusion. 

Proof. On the second summand, the map p* is the identity by Lemma [T6l and the 
choice of splitting in Remark [22] It remains to prove that 

p*p*[V] = (V-Z M )PD(a M ) 

Exactness of the Mayer- Vietoris sequence for M = M'UvUm implies the equality 

p*p*V = p*i*V. Since 

(iV,E) = (V,Z M ) = V-X M 

the class i*V is equal to the class (V • £m)L where 1 denotes the generator of 
H 2 (T,), Poincare dual to a point. Since p*(l) is the Poincare dual of a fibre in 
dM' = duT,M, where p denotes the projection dvT^M — > Sm s the claim follows. 

□ 

Corollary 31. The composition 

p* : P(M) Am © ZB M ®keri — > Z © H X {T) 

is given by 

(c,xB M ,a) h-> (xk M ,a). 
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3.6. Calculation of H2(M'). Consider the following sequence coming from the 
long exact sequence for the pair (M', dM'): 

(14) H 3 (M', dM') ^ H 2 (dM') A H 2 (M') -» H 2 (M' , dM') ^ H 1 (dM t ). 
This induces a short exact sequence 

(15) — ► H 2 (dM') /ker p H 2 (M') — ► ker d — ► 0. 

We will give a more explicit description of the terms on the left and right hand side 
of this sequence. 

Under Poincare duality, the boundary homomorphism d on the right hand side 
of the exact sequence (fl4l) can be replaced by 

p*: H 2 {M') — ► H 2 (dM'), 

as in equation (TT6l >. Hence the kernel of d can be replaced by the kernel of p*, 
which can be written according to Corollary |3T1 as 

ker// P(M) Am = tf 2 (M)/(Z£ M ® ZB M ). 

This determines the term on the right hand side of sequence (fTBl . 

To determine the term on the left side, consider the following part of the exact 
sequence (fT4l : 

(16) H 3 (M', dM') H 2 (dM') -A H 2 (M'). 

Under Poincare duality and the isomorphism p* : H l {M) — » H (M') this se- 
quence becomes 

(17) H\M) ^ H 1 (dM') ^ H 2 (M'). 
By Lemma[29lthis sequence can be written as 

(18) H\M) *3 fl^E) ZPD(Z M ) r ^ H 2 (M'), 
where denotes the homomorphism 

r-M = o o p* M : F X (E) -> H 2 (M'), 

and /i is the restriction of this map to 'LPD(Y, M ). Exactness of sequence (TT8T ) 
implies that the kernel of the homomorphism tm is equal to the image of i*. Hence: 

Proposition 32. The framing induces an isomorphism 

H 2 (dM')/kerp 9* H x (£)lkerr M ® 1PD{Y, M ) 

andH 1 (T l )/kerrM =cokeri*. 

The term ff 1 (E)/ker tm has the following interpretation: Consider the homo- 
morphism tm above. The map PD o p* M determines an isomorphism of -fT 1 (S) 
onto ker pm- In our standard basis, this isomorphism is given by 

H 1 (E)^kerp M 

( ) \ " * \ ^ -pM 
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Lemma 33. Every element in the image of tm can be represented by a smoothly 
embedded torus in the interior of M' . 

Proof Note that the classes Tf C H 2 {dM') are of the form xf 1 x & M where 
is a curve on E^. Hence every element T G k&rpM is represented by a 
surface of the form c M x a AI , where c M is a closed, oriented curve on Em with 
transverse self-intersections. A collar of dM' = dvY^M m M' is of the form 
Sm x S 1 x I. We can eliminate the self-intersection points of the curve c M in 
Sjvf x /, without changing the homology class. If we then take c AI times a M , we 
see that \xm (T) = c M x a M can be represented by a smoothly embedded torus in 
M'. □ 

We make the following definition, see e.g. ll3ll71IT5l. 

Definition 34. The map r^r given by 

(20) T M = n M o PD o p* M : H 1 (S) -> H 2 (M') 

is called the rim tori homomorphism and the image of tm, denoted by R(M'), the 
group of rim tori in M'. 

Rim tori are already "virtually" in the manifold M as embedded null-homologous 
tori. Some of them can become non-zero homology classes if the tubular neigh- 
bourhood vYam is deleted. The set of elements in H 1 (E) whose associated rim tori 
are null-homologous in M' is given by the kernel of the rim tori map tm, which is 
isomorphic to the image of i* by equation (fl8l) . 

Proposition 35. The short exact sequence (1151 ) for the calculation of H2{M') can 
be written as 

— ► R(M') ZPD(Z M ) — ► H 2 (M') — ► P(M) Am — ► 0. 

4. Calculation of H\{X) and H l (X) 

Let X = M#z m= y; n N denote the generalized fibre sum of two closed 4- 
manifolds M and N along embedded surfaces Em and E^ of genus g and self- 
intersection zero. We assume as in Section[3]that E m and E jv represent non-torsion 
classes of maximal divisibility ku and and choose adapted framings for both 
surfaces as defined in Section [331 

Consider the homomorphisms 

i M © i N : ffi(E; Z) — > H X {M- Z) © H X {N; Z) 
A i ^ (iju(A),ijv(A)), 

and 

i* M +i* N : H 1 (M; Z) © tf 1 (TV; Z) — > ^ 1 (E; Z) 

(a,/3) h-> i^a + 

The kernels of i^f © i^r and i* M + are free abelian groups, but the cokernels may 
have torsion terms. Both homomorphisms can also be considered for homology 
and cohomology with R-coefficients. 
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Definition 36. Let d denote the integer d = dim ker (im @ in) for the linear map 

i M ©ijv: — ► #i(M;R)©iii(7V;R) 
of R- vector spaces. 

Lemma 37. Consider the homomorphisms %m ® i-N and i M + i*N f or homology 
and cohomology with ^.-coefficients. Then 

dim ker (i M + i* N ) = b\ (M) + b\ (N) — 2g + d = dim coker (%m © fw) 

dim coker (i* M + i* N ) = d = dim ker (iM © in), 

where g denotes the genus of the surface S. 

Proof. By linear algebra, i* M + is the dual homomorphism to %m © in under 
the identification of cohomology with the dual vector space of homology with R- 
coefficients. Moreover, 

dim coker (im © ijv) = &i(M) + b\(N) — dim im (im (Bin) 

= bi(M) + bi(N) - (2£r-dimker(zMffii7v)) 
= b 1 (M)+b 1 (N)-2g + d. 

This implies 

dim ker (i* M + i* N ) = dim coker (im © in) = b\(M) + b\(N) — 2g + d 
dim coker (i^ + i* N ) = dim ker (im © «jv) = 

□ 

In the following calculations we will often use the Mayer- Vietoris sequence 
associated to the decomposition X = M' U N', given by 

. . . H k (dM') H H k {M') © Hk(N') -► F fc (X) H k ^(dM') -► . . . 
with homomorphisms 

H k (dM') -► Hk(M') © iJfe(iV), a ^ (/i M a, /ijv^a) 
Hk(M') © F fc (iV) -► fr fc (X), (x, y) ^ ijmx - r/jvy. 
We also use the Mayer- Vietoris sequence for cohomology groups. 

4.1. Calculation of We begin with the calculation of the first cohomol- 

ogy of X. Consider the following part of the Mayer- Vietoris sequence in cohomol- 
ogy: 

H\X) H\M') © H\N') H\dM'). 

Since r]* M —rf N is injective, H 1 (X) is isomorphic to the kernel of = ^ M +<j)* fi* N . 
Composing with isomorphisms, 

H 1 (M)®H 1 (N) H 1 (M')@H 1 (N I ) ^(dW) 9* fl^E) ®ZPD(T, M ), 
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the map ip* can be replaced by the map n* M p* M + 4>*fi* N p* N . Since the equality 
4>*^yf* = 7* f * holds for alH = 1, . . . , 2g, it follows with Lemma 1291 that this 
composition can be replaced by the map 

(21) (i* M + i* N ) © 0: H\M) © H^N) ff x (E) © ZPD(E M ). 
This implies: 

Theorem 38. The first cohomology H (X; Z) jj isomorphic to the kernel of 

i* M + i* N : H\M; Z) © fl^iV; Z) -» fl^E; Z). 

As a corollary we can compute the Betti numbers of X. 

Corollary 39. The Betti numbers of a generalized fibre sum X = M#s M =s N N 
along surfaces Em and E^r of genus g and self-intersection are given by 

b (X) = b A (X) = 1 

h(X) = b 3 (X) = h(M) + h(N) -2g + d 
b 2 (X) = b 2 (M) + b 2 (N) - 2 + 2d 
b+(X) = b+{M) + b+{N)-l + d 
b 2 (X) = b 2 (M) + b 2 (N)-l + d, 
where d is the integer from Definition \36\ 

Proof. The formula for b\(X) follows from Theorem [38] and Lemma|37] To derive 
the formula for b 2 (X), we use the formula for the Euler characteristic of a space 
decomposed into two parts A, B: 

e(A UB) = e{A) + e(B) - e{A n B), 

For M = M'U i/Sm, with M' n uH M = E x S 1 , we get 

e(M) = e(M') + e(vE M ) - e(E x S 1 ) 

= e(M') + 2 - 2g, 

since i/Sm is homotopy equivalent to Em and E x S 1 is a 3-manifold, hence has 
zero Euler characteristic. This implies 

e(M') = e(M) + 2# - 2, and similarly e(iV / ) = e(JV) + 2g-2. 
For X = M' U iV', with M' n iV' = E x S 1 , we then get 
e(X) = e(M') + e(iV') 

= e(M) + e(iV) + 4 5 - 4. 
Substituting the formula for b\{X) = b^(X) above, this implies 

b 2 (X) = -2 + 2(h(M) + b 1 (N)-2g + d) + 2- 2b 1 {M) + b 2 {M) 
+ 2-2b 1 (N)+b 2 (N)+4g-4 
= b 2 (M) + b 2 (N) - 2 + 2d. 
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It remains to prove the formula for bf (X). By Novikov additivity for the signature 
D2 Remark 9.1.7], 

a(X) = a{M) + a{N), 
we get by adding b% (X) on both sides, 

26+ (X) = 26+ (M) + 26+ (N) - 2 + 2d, 

hence 6+(X) = 6+(M) + b%(N) - 1 + <± This also implies the formula for 
b 2 {X). - ■ n 

A direct computation of 62 (X) as the rank of H2{X) will be given in Section 



4.2. Calculation of H\{X). In this subsection we prove a formula for the first 
integral homology of X. We make the following definition: 

Definition 40. Let umn denote the greatest common divisor of ku and k^. 

If umn is not equal to 1, the formula for H\{X) involves an additional torsion 
term. Let r denote the homomorphism defined by 

r: i2i(E;Z) — > %n MN , 

A 1 ^ (C, A) mod umn- 
We then have the following theorem: 
Theorem 41. Consider the homomorphism 

Z) Hi(M; Z) £Ti(iV; Z) Z„ MJV , 

A h-> (u/A,iArA,r(A)). 

r/je« H\{X; Z) isomorphic to the cokernel of i\j ® i-N ® r - 

Proof. Since <9M', M' and iV' are connected, the Mayer-Vietoris sequence for X 
shows that 

H X {X) 9* coker(V>: H\{dM') -> i?i(M') Hi(N')). 
The homomorphism V>i is given on the standard basis by 

7 4 M | -> iPMll 1 , VNli + ani N a N ) 
a M ^( m a M ,- m a N ). 

We want to replace ffi(M') by fli(M) Z fcM and ffi(iV) by J3i(JV) © Z fcjv , 
as in Proposition [18] We choose isomorphisms s as in Section 13.31 Since we are 
working with adapted framings, the composition 

(22) H x (8M') ^ Fx (M 1 ) A H X (M) © Z khi 

is given on generators by 

if ^ (Uf7i,0) 
^ M -(0,l), 
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as before. An analogous map exists for N. If we add these maps together, the 
homomorphism -01 can be replaced by 

H^dW) -» Hx(M) © z kM © ifx (AO © z fcjv , 



li 1 *-> (hm, 0,ijv7i,a, ) 
cr A/ i-> (0,1,0,-1). 

Using the isomorphism iTi(£ x S* 1 ) ^ fl"i(E) © Z -» Hi(dM') given by the 
framing r^f, we get the map 

fTi(S) © Z ffi(M) © Z feM © Hi(N) © Z fcjv , 

(A, a) I— ► (u/A, a mod /cm, £jvA, (C, A) — a mod k^)- 

To finish the proof, we have to show that this map has the same cokernel as the 
map 

i M ®iN®r: #i(X) -» fli(Af) © #i(iV) © Z nMjV , 

A i— ► (iji^A, in\ {C, A) mod umn)- 
This follows from Lemma 02] below. □ 

In the proof we used a small algebraic lemma which can be formulated as fol- 
lows: Let H and G be abelian groups and f : H —> G and h: H — > Z homo- 
morphisms. Let &iV be positive integers with greatest common divisor umn- 
Consider the (well-defined) map 

(M,bD ^ [x + y\- 

Lemma 42. 77je homomorphisms 

t/j : H © Z -> G © Z fcM © Z fejv 

(ic, a) i— > (f(x), a mod Jcm, h{x) — a mod fcjv), 

and 

x i ^ (f(x), h(x) mod umn) 
have isomorphic cokernels. The isomorphism is induced by Id © p. 
Proof. The map Id © p is a surjection, hence it induces a surjection 

P : G © Z fcju © Z fejv coker 

We compute the kernel of P and show that it is equal to the image of ip. This 
will prove the lemma. Suppose an element is in the image of tp. Then it is of 
the form (/(x), a mod k]\g, h{x) — a mod k^). The image under Id © p of this 
element is (f(x),h(x) mod n^w). hence in the image of ip'. Conversely, let 
(g, u mod kM, v mod fejv) be an element in the kernel of P. The element maps 
under Id © p to (g, u + v mod hmn), hence there exists an element x e H such 
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that g = f(x) and u + v = h(x) mod umn- We can choose integers c, d, e such 
that the following equations hold: 

u + v — h(x) = criMN = dkjM + ekjy. 

Define an integer a = u — dku- Then: 

u = a mod ku 

v = h(x) — a + ekjy = h{x) — a mod k^. 

Hence (g, u mod Hm, v mod kjy) = ip(x, a) and the element is in the image of 

□ 

An immediate corollary of Theorem UTJ is the following. 

Corollary 43. If the greatest common divisor of ku an d is equal to 1, then 
Hi(X;Z) = coker(%M © *jv)- In particular, Hi(X;Z) does not depend on the 
cohomology class [C] in this case (up to isomorphism). 

5. Calculation of H 2 (X) 
The computation of H 2 (X) is based on the following proposition: 
Proposition 44. The following part of the Mayer-Vietoris sequence 

H 1 (M')®H 1 (N') 5 H l (dM') -> H 2 (X) H 2 {M')®H 2 {N') 5 H 2 {8M'). 

induces a short exact sequence 

(24) — ► cokeripl — ► H 2 (X) — ► ker^l — > 0. 
By equation (|2TT > there exists an isomorphism 

(25) coker ^ ^ coker (i* M + i* N ) © ZPD(£ M ) . 

We calculate coker (i* M + i* N ) in the following subsection and ker-02 m the next 
subsection. 

5.1. Rim tori in X. We can map every rim torus in M' under the inclusion t)m '■ M' — > 
X to a homology class in X. 

Definition 45. We call r\u ° the rim torus in X associated to the element 

a £ via M'. The group R(X) of rim tori in X is defined as the image of 

the homomorphism 

rx = r]M ° ° PD o p* M ■ H 1 ^) -» H 2 {X). 

Similarly, we can map every rim torus in N' under the inclusion tjn : N' — > X to 
a homology class in X. This defines a homomorphism 

r , x = r} N o f j lN oPDop* N : H l (Y) ^ H 2 {X) . 

The rim tori in X coming via M' and AT' are related in the following way: 

Lemma 46. Let a be a class in H l (T?). Then rx(ct) = —r' x (a). Hence for the 
same element a 6 H 1 (£) ?/ze rim torus in X coming via N' is minus the rim torus 
coming via M'. 
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Proof. The action of the gluing diffeomorphism (f> on second homology is given by 
falf = -If . Let a e ff^E) be a fixed class, 

i=l 

The rim tori in M' and iV' associated to a are given by 

2g 2g 2g 

au = E WM^f a N = E Ci^nI? = - <HV>N<f>*rt I • 

i=l i=l i=l 

In X we get 

29 

lJlf fl M + VN&N = E CiiVMVM ~ r]N^N4>*)lf 
i=l 

= 0, 

by the Mayer- Vietoris sequence for X. This proves the claim. □ 
Definition 47. Let i?c denote the rim torus in X determined by the class 

2ff 
i=l 

under the inclusion of <9M' in X as in Definition [45] This class is equal to the 
image of the class a i^f ^ H%{dN') under the inclusion of ON' in X. 

Recall that Ex is the class in X which is the image of the push-off £ M under 
the inclusion M' — > X. Similarly, E' x is the image of the push-off under the 
inclusion N' —>■ X. 

Lemma 48. The classes Y>' x and Ex in X differ by 

E'x — Ex = Rc- 
Proof. This follows, since by Lemma [T3l 

<^£ M = - ^|>rf j + s^. 

□ 

The difference is due to the fact that the diffeomorphism <fi does not necessarily 
match the classes E M and E^. We now prove the main theorem in this subsection. 

Theorem 49. The kernel of rx is equal to the image of i* M + i* N . Hence the map 
rx induces an isomorphism 

coker (i* M + i* N ) — —> R(X). 

Lemma 50. The kernel of the map tjm is equal to the image of tm o i* N . 
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Proof. Consider the following diagram: 

H 3 (X,M') H 2 (M') H 2 (X) 

VN 

H 3 {N',dN') — 2-> H 2 (dN') ► i? 2 (iV) 

The horizontal parts come from the long exact sequences of pairs, the vertical parts 
come from inclusion. The isomorphism on the left is by excision. Hence the kernel 
of r\M is given by the image of 

MM o o 8: H 3 (N', ON') -» H 2 (M'). 



Given the definition of the rim tori map tm in equation (1201) . we have to show that 
this is equal to the image of 

fj, M oPDop* M oi* N : H l {N)^H 2 {M'). 

This follows in three steps: First, by Lemma [161 the image of d is equal to the 
image of PD o fi* N o p* N . By the Mayer- Vietoris sequence for N 

H \N) P ^ N H\N') © H 1 ^) ^{dN') 
we have //^ o p* N = p* N o i^. Finally, we use the identity 

<j>; 1 oPDop* N = -PDop* M , 

which is equivalent to the identity 0*rf f = — Tf, for all i = 1, . . . , 2g, from 
Lemma [T3l □ 

We can now prove Theorem |49l 

Proof. Suppose that a G is in the kernel of rx = f]M ° ?™m- This happens 

if and only if tm («) is in the kernel of tjm- By Lemma l50l this is equivalent to the 
existence of a class (3n G i? 1 (A r ) with 

r M (a) = (Vm o i* N )((3 N ). 



By the sentence before Proposition [32J this is equivalent to the existence of a class 
p M e tf^M) with 

This shows that the kernel of rx is equal to the image of i* M + i* N and proves the 
claim. □ 

Corollary 51. The rank of the abelian subgroup R(X) of rim tori in X is equal to 
the integer dfrom Definition \36\ 
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5.2. Split classes. For the calculation of H 2 (X) it remains to calculate the kernel 
of 

V>2 : H 2 (M') © H 2 (N') -> H 2 (dM'), 

where V>2 = I^m + <^*Mjv> as i n equation <[24|) . We will first replace this map by an 
equivalent map. By Corollary [5T] the map fi* M can be replaced by 

P(M) Am © ZB M ©keri M — > k M ZPD(o M ) © fli(E) 
(c m ,x m Bm,oim) {xMkM-,a M )- 
We can replace /i^ by a similar map 

P(% ©ZBjvekerijv — ► k N 1PD{o N ) © fli(£) 
(c N ,x N B N ,a N ) i-> (x N k N ,a N ). 

Under the identifications 

H 2 (dM') 9* Hi(dM') 9* Z © fli(E), and 

H 2 (dN') Hi(dN') ^ Z © iJi(S) 
given by the framings rjf , tat, we can replace the map 

0*: H 2 (dN') -» H 2 (dM') 
according to equation (0) by 

zeffi(E) ^ZffiFi(s) 

(x,y) (x- (C,y),-y). 
Lemma 52. T/je ma/? ^| = Mm + ^ > */ u tv ca?1 ^ e replaced by the homomorphism 

P{M) Am © P{N) An © Z% © ZS^ ®keri M ®keri N — ► Z © fli(E) 
given by 

(cM,c N ,x M ,XN,aM,aN) {xuku + xat&at - (C,a N ),a M - a N ). 
Definition 53. We consider the map 

/: ZB M eZB N eker(i M ®i N ) — >Z 

(x M B M , x N B N , a) i-> x M ku + x N k N - (C, a). 

Let S(X) denote the kernel of the map /. We call S(X) the group of split classes 
of X. It is a free abelian group of rank d + 1 by Lemma [37] 

The classes in S(X) are also called vanishing classes, for example in [6]. They 
have the following interpretation: 

Lemma 54. The elements (xmBmiXnBn,ol) in S(X) are precisely those ele- 
ments in ZBm © ZBn © ker (im © izv) such that a M + xm^m® bounds in M', 
a N + x^kNCT N bounds in N', and both elements get identified under the gluing 
diffeomorphism (ft. 
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Proof. Suppose that an element 



or 



■ M + ra M = T M a + ra M e tfi(dM'), 



with a G ffi(S), is null-homologous in M'. Since we are using adapted framings, 
this happens if and only if imol = £ H\(M) and r is divisible by Hm, hence 
r = xm^m for some XAf £ Z. In this case the curve bounds a surface in M'. The 
class a M + ra M maps under (f> to the class 

a N + (C,a)a N -ra N . 

This class is null-homologous in N' if and only if i^a = and (C,a) — r = 
(C,a) — xuku is divisible by kx, hence 

(C, a) — xm^m = xn^n- 

□ 

We can now prove: 
Theorem 55. The kernel of the homomorphism 

^ : P 2 (M') H 2 (N') -> H 2 (dM') 
is isomorphic to S(X) © P(M)a m © P(N)a n - 

Proof. Elements in the kernel must satisfy aju = «at. In particular, both elements 
are in ker %m H ker ijy = k er (*Af © ^at)- Hence the kernel of the replaced ty\ * s 
given by 

S(X)(BP(M) Am ®P(N) An . 

□ 

5.3. Calculation of H 2 (X). Using Theorem [55] and Theorem [49] we can now re- 
place the terms in Proposition [44] to get the following theorem: 

Theorem 56. There exists a short exact sequence 

R(X) © TL X P 2 (X; Z) -► © P(M) Am © P(AT) Ajv -» 0. 

Since we already calculated the rank of each group occuring in this short exact 
sequence, we can calculate the second Betti number of X: 

b 2 (X) = d + 1 + (d + 1) + (6 2 (M) - 2) + (6 2 (iV) - 2) 

= & 2 (M) + 6 2 (A0-2 + 2cf. 

This is the same number as in Corollary [39] 

In the following sections we will restrict to the case that £ m , represent 
indivisible classes, hence ku = kjy = 1, and the cohomologies of M, N and 
X are torsion-free, which is equivalent to H 2 or Hi being torsion free. For the 
manifold X this can be checked using the formula for H\(X) in Theorem [4T1 or 
Corollary [43] Then the exact sequence in Theorem [56] reduces to 

-> P(X) © TL X -» P 2 (X) -» 5(X) © P(M) © P(iV) -> 0. 

Since all groups are free abelian, the sequence splits and we get an isomorphism 

H 2 (X) P(M) © P(iV) © S(X) © P(X) © ZS X . 
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6. The intersection form of X 

From now on until the end of this article we will assume that Ejvf and S^v 
represent indivisible classes and the cohomologies of M, N and X are torsion 
free. The group of split classes S(X) contains the element 

Bx = Bm — Bn- 

We want to prove that we can choose d elements Si, . . . , Sd in S(X), forming aba- 
sis for a subgroup S'(X) such that S(X) = ZB X @S'(X), and a basis Ri,...,R d 
for the group of rim tori R(X) such that the following holds: 

Theorem 57. Let X = M$=-£ u= z N N be a generalized fibre sum of closed ori- 
ented 4-manifolds M and N along embedded surfaces Em, Eat of genus g which 
represent indivisible homology classes. Suppose that the cohomology ofM, N and 
X is torsion free. Then there exists a splitting 

h 2 (X; z) = p(m) © p(n) © (s'{x) © r(x)) © (zb x © zs x ), 

where 

(s'(x) © r(X)) = (Z5i e ZRi) e . . . e (zs d e ZR d ). 

The direct sums are all orthogonal, except the direct sums inside the brackets. In 
this decomposition o/i7 2 (X;Z), the restriction of the intersection form Qx to 
P(M) and P(N) is equal to the intersection form induced from M and N and has 
the structure 

M + n N 1 
1 



on ZBx © ZSx an d the structure 



St 1 
1 



on each summand ZSi © Zi?j. 

The outline of the proof is the following: We first construct a basis for the sub- 
group 

S(X) © P(M) © P(N) of H 2 (M', dM') © H 2 (N', 8N'), 

where the basis elements Si, ■ ■ ■ , Sd for the subgroup S'(X) consist of surfaces 
sewed together from surfaces Sf 1 and Sf in M' and N' with boundaries on dM' 
and dN', such that the boundaries get identified under the gluing diffeomorphism 
4>. The surfaces S± on the M' side are chosen such that they have zero algebraic 
intersection with the basis elements in P(M), the surface B' M and the surface E M , 
and similarly on the N' side. Lifting the basis to H 2 (X) and choosing a basis for 
the rim tori group R(X) we get a basis for 

H 2 (X) ^ P(M) © P(N) © (S'(X) © R(X)) © (ZB X © ZS X ), 

which is orthogonal except inside the brackets. The basis elements for the split 
classes S'(X) are then modified using the rim tori in R(X) such that the intersec- 
tion form on (S'(X) © R(X)) takes the form in Theorem l57l 
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The construction of the basis for S(X) is rather lengthy and will be done step 
by step. First choose a basis a%, . . . , ay for the free abelian group ker(u/ © ix)- 
We then get a basis of S(X) consisting of the element 

Bx = Bm — Bn 
and d further elements of the form 

Si = x N (cti)B N + ai, l<i<d, 
where xx{cti) are coefficients given by 

XN(a-i) = (C,ati). 

The class Bx is sewed together from surfaces in M' and N' representing the 
classes B' M and B' N that bound the meridians a M and a N in dM' and ON'. We 
also want to realize the homology classes Si by embedded surfaces in X. 

Surfaces that bound curves on the boundary dM' are always oriented as follows: 

Definition 58. Suppose that Lm is a connected, orientable surface in M' which is 
transverse to the boundary dM' and bounds an oriented curve cm on dM'. In a 
collar of the boundary of the form S X S 1 X I, we can assume that the surface Lm 
has the form cm X I. The orientation of Lm is then chosen such that it induces on 
cm x I the orientation of cm followed by the orientation of the intervall I pointing 
out of M'. 

This definition applies in particular to the surfaces B' M and B' N bounding the 
meridians in M' and N': The surfaces Em and Sat are oriented by the embeddings 
iu ; i N from a fixed oriented surface S . The surfaces and Sjy are oriented such 
that E M B M = +1 and T> N B N = +1. 

Lemma 59. T/je restriction of the orientation of Bm to the punctured surface B' M 
is equal to the orientation determined by Definition \58\ 

Proof. On the 2-disk D in Bm obtained by the intersection with the tubular neig- 
bourhood vY^m the restriction of the orientation is given by the direction pointing 
into M' followed by the orientation of the meridian a M . This is equal to the orien- 
tation of a M followed by the direction pointing out of M'. □ 

The extension $ of the gluing diffeomorphism (j) (see equation (O) inverts on 
the 2-disk D the inside-outside direction and the direction along the boundary 3D. 
Hence the oriented surfaces B' M and B' N sew together to define an oriented surface 
B x mX. 

6.1. Construction of the surfaces Df 1 . The images of the loops aj on S under 
the embedding %m are null-homologous curves in M. We can consider the images 
of the a.i as curves ctf 1 on the push-off S M on the boundary of a tubular neighbour- 
hood vHm- We also choose a basis for P(M) consisting of pairwise transverse, 
oriented surfaces Pi, . . . , P n embedded in M. The surfaces P\, . . . ,P n can be 
chosen disjoint from Hm and hence be considered as surfaces in M' . 
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Lemma 60. For all i, there exist oriented embedded surfaces Df 1 in M 1 transverse 
to the boundary dM 1 and bounding the curves af 1 . We can assume that each 
surface Df 1 intersects the surfaces P\ , . . . , P n transversely such that the algebraic 
count of intersections is zero. 

Proof. Since the images of the curves under the embedding %m into M are 
null-homologous, we can assume that the curves af 1 bound connected, orientable 
surfaces Df 1 in the complement M', transverse to the boundary dM'. 

We choose on Df 1 the orientation determined by Definition [58] The surfaces 
Df 1 are simplified as follows: We can connect the surface Df 1 to any other closed 
surface in M in the complement of vY*m to get a new surface which still bounds 
the same loop af. We can consider the surface D = Df 1 to be transverse to the 
surfaces P\ , . . . , P n and disjoint from their intersections. Let 5j be the algebraic 
intersection number of the surface D with the surface Pj. We want to add closed 
surfaces to D to make the intersection numbers 5j for all j = 1, . . . , n zero. The 
new surface D' then does not intersect algebraically the surfaces giving a basis for 
the free part of P(M). 

Let j3 denote the matrix with entries f5kj = Pk • Pj for k, j = l,...,n, deter- 
mined by the intersection form of M. This matrix is invertible over Z since the 
restriction of the intersection form to P(M) is unimodular. Hence there exists a 
unique vector r G Z n such that 

n 

^2r k (3 kj = -Sj. 

k=l 

Let D' = D + YILi r kPk- Then 

n 

D ' ■P j = S j + J2 r A j = o. 

fc=i 

□ 

Lemma 61. We can assume that the surfaces Df 1 are disjoint from the surface 
S . We can also assume that the intersections of the surfaces Df 1 with the sur- 
face B' M are transverse, contained in the interior of M' and have zero algebraic 
intersection count. 

Proof. We can assume that T, M is given by the push-off Em X {p} in the boundary 
x S 1 and that the curves af 1 are embedded in a different push-off x {q} 
with p ^ q. This implies the first claim. 

To prove the second claim, we can assume that the meridian a M is given by 
{x} x S 1 , where x is a point on E disjoint from all curves aj. The intersections of 
Df 1 and B' M are hence contained in the interior of M' and can be assumed trans- 
verse. The push-off E M moved into the interior of M' has transverse intersection 
+1 with B' M . Tubing several copies of E M to the surface Df 1 we can achieve that 
the intersections of Df 1 with B' M add to zero. □ 
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We want to determine the intersection numbers of the surfaces D f with the rim 
tori in M'. Let 71, . . . ,729 denote the basis of H%(T,). We defined a basis for 
ff 2 (E x 5 1 ) given by the elements Tj = PD(j*). On the 3-manifold £ x S 1 we 
have 

• 7j = <%. 

More generally, suppose that a class T represents the element Y^fLi c «7r*- Then 
PD(T) = YaLi and 

PD{T)^ j = {T^ j )=c j . 

These relations also hold on dM' and cW. Consider the closed, oriented curve jj 
on S. We view jj as a curve on the push-off S M in M'. It defines a small annulus 
7j x / in a collar of the form £ x S" 1 x / of the boundary dM'. On the annulus 
we choose the orientation given by Definition [58] Then the intersection number of 
Tf 1 and 7j x / in the manifold M' is given by 

rf • ( 7i x 1) = 

according to the orientation convention for M', cf. Section |2l 
More generally, suppose that 

e = ^2 ei ^i 

i=l 

is an oriented curve on £ and the annulus £m = e x I defined by e. Let R^ 
be a rim torus in M' induced from an element T G i^ 1 (E). Then is the image 
of 

under the inclusion of dM' in M'. We then have 

<-£ M = ^<T,7,>e, 
i=l 

= (T,e). 

Lemma 62. WiY/j owr orientation conventions, the algebraic intersection number 
of a rim torus Rrp and an annulus Em as above is given by Rj? ■ Em = (T, e). 

In particular we get: 

Lemma 63. Let R^f be the rim torus associated to an element T in H l (E). Then 
RM-Df = {T,ai). 

We also have: 

Lemma 64. Every rim torus Rj^ in R(M') has zero intersection with the surfaces 
T, M , B' M , all surfaces in P(M) and all rim tori in R(M'). 

This follows because the rim torus can be moved away from each surface men- 
tioned in this lemma. 
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6.2. Construction of the surfaces Uf. Let denote the embedded surface in 
the closed manifold N, obtained by smoothing the intersection points of xn{oh 

N 



copies of Bn and XN(ai)B% disjoint copies of the push-off Y, N with the opposite 



orientation. Here 

XN(ai) = {C,ai) 

as before. The surface Vjf represents the class XN{cti)BN — (xjv(ai).Bjy)Ejv and 
has zero intersection with the class B^ and the surfaces in P(N). We can assume 
that the copies of T> N are contained in the complement of the tubular neighbour- 
hood i/Sjv- Deleting the interior of the tubular neigbourhood we obtain a surface 
in N' bounding the disjoint union of xn (a, ) parallel copies of the meridian a N 
on the boundary dN'. The surface has zero intersection with the surface B' N , the 
rim tori in R(N') and the surfaces in P(N). In addition, the intersection number 
with the surface Y, N is given by Uf ■ H N = Xff(ai). 

6.3. Definition of split surfaces Si. Let ot\, . . . , ay be a basis for the free abelian 
group ker(iM © ijf) and a^ , af for each index i the image of these loops on the 
boundaries dvY^M and dvT,^ of the 4-manifolds M' and N' . Choose for each 
index i embedded surfaces Df 1 and Df bounding the curves af 4 and af with the 
properties of Lemma [60l and Lemma [611 

Suppose that the gluing diffeomorphism 4> is isotopic to the trivial diffeomor- 
phism that identifies the push-offs, or equivalently the cohomology class C equals 
zero. Then we can assume without loss of generality that <p is equal to the trivial 
diffeomorphism, hence the curves af 4 and af on the boundaries dM' and dN' 
get identified by the gluing map. We set 

Sf = Df 
S? = Df 

and define the split class Si by sewing together the surfaces Sf 1 and Sf. 

In the case that C is different from zero the curves <ft af* and af do not 
coincide. By Lemma [P21 we know that the curve <fi o af 1 is homologous to 

af + {C, ai)a N = af + x^{ai)a N . 

Let vT,' N be a tubular neighbourhood of slightly larger radius than uT, n (we indi- 
cate curves and surfaces bounding curves on v^' N by a prime). On the boundary of 
z^S'jy we consider the curve af and XTv(aj) parallel copies of the meridian a N ' , 
disjoint from af . The curve af bounds a surface Df as before and the parallel 
copies of the meridian bound the surface XJ^ . We can connect the curve 4> ° of 1 
on dull n to the disjoint union of the meridians and the curve af on dvT,' N by an 
embedded, connected, oriented surface Qf realizing the homology. 

Lemma 65. We can assume that the homology Qf is disjoint from an annulus of 
the form {*} x S 1 x I in the submanifold S^r X S 1 x / bounded by dvH^ and 
dvY/ N . 
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Proof. This follows because the isomorphism Hi(T,*) — > H\(E) induces an iso- 
morphism x S 1 ) —> Hi(E x S 1 ), where E* denotes the punctured surface 
E\{*}. □ 

We set 

Sf = Df 

S? = Q»UU t N 'uDf. 

The connected surfaces S$ and S 1 ^ sew together to define the split surfaces S{. 
The orientation of Si is defined as follows: The surfaces Sf 1 and Sf are oriented 
according to Definition [58] The orientation of / is reversed by the extension $ of 
the gluing diffeomorphism, while the orientations of the curves af 1 and <fi o af 1 
are identified. This implies that the surface Sf 4 with its given orientation and the 
surface Sf with the opposite orientation sew together to define an oriented surface 
S t in X. 

Proposition 66. For arbitrary gluing diffeomorphism <j>, the split classes Si satisfy 

Si-X x = 
Si-B x = 0. 

We also have B x ■ Sx = 1 and B x = B 2 M + Bjj. 

Proof. We only have to check the first equation. This can be done on either the M 
or the N side: On the M side we have 

Si-V x = Df ■ S M = 0. 

On the N side we have 

Si ■ T. x = Si ■ (E x — Rc) = —Sf ■ (Stv — Rq) 

= • Z N + D? ■ R% = -x N ( ai ) + (C, a t ) = 0. 

□ 

The rim torus R^ 1 associated to an element T in H 1 ^) induces under the in- 
clusion M' ->Ia rim torus in X, denoted by Rt- 

Proposition 67. We have 

R T -T, X = 0, Rt ■ B x = 0, Rt ■ R T > = for all V e F^E). 

The intersection with a split class Si is given by Rt ■ Si = (T, CKj). 

The first three statements follow because the rim torus can be moved away from 
the other surfaces. The statement about intersections with split classes follows 
from Lemma [63] 
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6.4. Proof of the formula for the intersection form. By our assumption ku = 
Un = 1, the sequence in Theorem 1561 simplifies to 

o -> zs x e R(x) -» p 2 (X) -» 5(X) e p(m) e P(A0 -> o. 

Since is free abelian, we can lift this group to a direct summand of H 2 (X; Z). 
Since we also assumed that the cohomology of M, N and X is torsion free, the 
whole sequence splits and we can write 

H 2 {X) = P(M) © P{N) © S(X) © R{X) © 

So far we have proved: 

Lemma 68. There exists a splitting 

H 2 (X) = P(M) © P(N) © (S'(X) © R(X)) © (ZB X © ZE*), 

where the direct sums are all orthogonal, except the two direct sums inside the 
brackets. In this direct sum, the restriction of the intersection form Qx to P(M) 
and P(N) is the intersection form induced from M and N, it vanishes on R{X) 
and has the structure 

R2 i f>2 i 

1 

on ZB X © 

In the construction of the split classes Si from the surfaces 5^ and Sf we can 
assume that the curves are contained in pairwise disjoint parallel copies of the 
push-off S M in dvY^ M of the form Y^m x {Pi}- Hence the split classes Si in X 
do not intersect on dM' = dN' and we can assume that they have only transverse 
intersections. 

We now simplify the intersection form on S'(X) © R(X). This will complete 
the proof of Theorem 1571 

Lemma 69. The subgroup ker{i\j © in) w a direct summand qfPi(E). 

Proof. Suppose that a G ker(iM © ijy) is divisible by an integer c > 1 so that 
a = col with ol E JEZi(E). Then d M a' = = ci N a'. Since Pi(M) and Hi(N) 
are torsion free this implies that a' G ker(«M ©ijv)- Hence ker(iM©%) is a direct 
summand. □ 

According to this lemma we can complete the basis a\ , . . . , ad for ker (zm ffi^iv) 
by elements Pd+i, ■ ■ ■ , 02g G Pi(S) to a basis of Pi(E). Let 

a 1 , . . . , a d , p^+i) • • ; P2 g 

denote the dual basis of P 1 (E) and R\, . . . ,R2 g the corresponding rim tori in 
H 2 (X). Then 

Si ■ Rj = Sij, for 1 < j < d 
Si ■ Rj = 0, for d + 1 < j < 2g. 

This implies that the elements Pi, . . . , Rd are a basis of R(X) and Rd+i, • • • , P2g 
are null-homologous, since the cohomology of X is torsion free. 
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The surfaces Si are simplified as follows: Let = Si ■ Sj for i, j = 1, . . . , d 
denote the matrix of intersection numbers and let 

S'i = Si - ^2nkRk- 

k>i 

The surfaces 5| are tubed together from the surfaces Si and certain rim tori. They 
can still be considered as split classes sewed together from surfaces in M' and 
N' bounding the loops af 1 and 4> ° oif and still have intersection S[ ■ Rj = 5ij. 
However, the intersection numbers S[ ■ Sj for i ^ j simplify to (where without loss 
of generality j > i) 

S[ ■ Sj = (Si r ik R k ) ■ (Sj - rjiRi) 

k>i l>j 
— Si ' Sj Tij 

= 0. 

Denote these new split classes again by Si , . . . , Sd and the subgroup spanned by 
them in S'(X) © R(X) again by S'(X). The intersection form on S'(X) © R(X) 
now has the form as in Theorem [57] 

Remark 70. We can choose the basis 71, . . . ,723 of -ffi(S) we started with in 
Section |2!2] as 

7i = «j, for 1 < % < d 

7i = Pi, for d + 1 < i < 2g. 

This choice does not depend on the choice of C since a±, . . . ,ad are merely a 
basis for ker(zjv/ © i^)- Then the rim tori R\ , . . . , R& are given by the image of 
the classes Tf 1 , . . . , T^ under the inclusion dM' — > M' — > X and the rim tori 
determined by . . . , Yif are null-homologous in X. In this basis the rim torus 
Rc in X is given by 

d 

Rc = - y~]aiRi, 
1=1 

where = (C, 

The splitting given by Theorem [57] 

H 2 (X) = P(M) © P(N) © (S'(X) © R(X)) © (ZB X © 
is similar to the splitting 

(26) H 2 (M) = P(M) © ZB M © ZE M - 

from equation (|9]>. In particular, we can write 

P(X) = P(M) © P(N) © © R(X)). 

According to equation (fTOt . we can decompose an element a G H 2 (M) in the 
direct sum (1261 ) as 

a + (qSm)Sm + (aS^/ - Sl f (aS A /))S A /. 
Replacing i? A / by i?x and Em by Ex we get: 
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Corollary 71. Under the assumptions ofTheorem\57\there exists a group monomor- 
phism H 2 {M) -» H 2 (X) given by 

a«a+ {aT, M )B x + (aB M - ^(oSm))^- 
There exists a similar monomorphism H 2 (N) — » H 2 (X) given by 

a^a + (aT, M )B x + (aB M - B 2 M (aT lM ))^''x^ 

where T! x = Ex + Rc- 

Hence H 2 (M) and H 2 {N) can be realized as direct summands of H 2 (X). In 
general, the embeddings do not preserve the intersection form, because B\ = 
B 2 M + B 2 N . The images of both embeddings have non-trivial intersection and in 
general do not span H 2 (X). 

7. A FORMULA FOR THE CANONICAL CLASS 

In this section we derive a formula for the canonical class of the symplectic 
generalized fibre sum X of two symplectic 4-manifolds M and N along embedded 
symplectic surfaces Em and E^ of genus g. We make the same assumptions as 
in the previous section, i.e. that E^/ and E^ represent indivisible classes and the 
cohomologies of M, N and X are torsion free. 

The idea of the proof is to decompose the canonical class Kx according to the 
formula for H 2 (X) in Theorem 1571 as 

d d 

(27) K x = Pm + PN + SiSi + ^2 r i R i + b xB x + o" X Ex, 

i=\ i=l 

where pm G P(M) and p^r £ -P(iV)0 Since the cohomology of X is assumed 
to be torsion free, the coefficients in equation (1271) can be determined from the 
intersection numbers of the canonical class K x and the basis elements of H 2 (X). 

7.1. Definition of the symplectic form on X. We first recall the definition of 
the symplectic generalized fibre sum by the construction of Gompf [10]. Let 
(M,u>m) an d (N,lun) be closed, symplectic 4-manifolds and Em,Etv embed- 
ded symplectic surfaces of genus g. Denote the symplectic generalized fibre sum 
by X = M#E M= s w iV. We want to determine a formula for the canonical class 
Kx in terms of M and N. 

The symplectic generalized fibre sum is constructed using the following lemma 
which follows from Lemma 1.5 and Lemma 2.1 in [10]. Recall that we have fixed 
trivializations of tubular neighbourhoods vT,m and z^E^r determined by the fram- 
ings tm and tn- Hence we can identify the interior of the tubular neighbourhoods 
with D x Tj, where D denotes the open disk of radius 1 in M 2 . 



In the proof of | 5 Theorem 3.2] a similar formula is used to calculate the SW-basic classes for 
a certain generalized fibre sum of two 4-manifolds. 



38 



M. J. D. HAMILTON 



Lemma 72. The symplectic structures ujm and ujn can be deformed by rescaling 
and isotopies such that both restrict on the tubular neighbourhoods vTi m and vT, n 
to the same symplectic form 

where to a is the standard symplectic structure lud = dx Ady on the open unit disk 
D and ujy, is a symplectic form on E. 

It is useful to choose polar coordinates (r, 0) on D such that x = r cos 9 and 
y = r sin 9, hence 

dx = dr cos 9 — r sin 9d9 
dy = dr sin 9 + r cos 9d9. 

Then ujd = rdr A d9. To form the generalized fibre sum, the manifolds M \ Em 
and N \ E^r are glued together along the collars int vY^m \ Ej\/ and int vT, jy \ S^r 
by the orientation and fibre preserving diffeomorphism 

(£> \ {0}) xE^(fl\ {0}) x E 

(28) , 

(r, 0, z) ' ^ (Vl-r 2 , C7(z) - 0, z). 

The action of $ on the 1 -forms dr and d# is given by 

q>*dr = d(r o = d\J 1 - r 2 = dr 

VI — r 2 

$*d6> = d(6» o $) = dC - d6>. 

This implies that <I>*u;£) = u>d — rdr A <iC7, while = cje- 

We can think of the boundaries of M' and N' as S x E, where S 1 denotes the 
circle of radius 1 / v2. Let ^4 denote the annulus in the unit disk D between radius 
l/y/2 and 1. To define the symplectic structure on X, we consider on the N side 
the standard symplectic structure ur> + on A x E which extends over the rest 
of iV by the symplectic form un- On the boundary dN' given by S x E this form 
pulls back under the gluing diffeomorphism to the form 

&*(lj£) + ws) = uj£) — rdr A dC + we 

on the boundary dM' . Let p be a smooth cut-off function on the annulus ^4 which 
is identical to 1 near r = 1/ y/2, identical to near r = 1 and depends only on the 
radius r. Consider on the M side the following 2-form on A x E: 

(29) lo d - prdr A dC + cj s . 

This 2-form is closed, since the function p depends only on r. The square of this 
2-form is equal to io 2 D + u^., which is a volume form on A x E, hence the form is 
symplectic. It follows that we can deform the symplectic structure at radius l/v2 
through the symplectic form d29l on A x E such that it coincides with the standard 
form uj£) at r = 1. From there it can be extended over the rest of M by the given 
symplectic form ujm- In this way a symplectic structure u>x is defined on X for 
every gluing diffeomorphism (p. 
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Remark 73. The Gompf construction for the symplectic generalized fibre sum can 
only be done if (after a rescaling) the symplectic structures ujm and ojn have the 
same volume on Em and E^r: 

I wm = / u N . 

To calculate this number, both Em and Ex have to be oriented which we have 
assumed a priori. It is not necessary that this number is positive, the construction 
can also be done for negative volume. In the standard case the orientation induced 
by the symplectic forms coincides with the given orientation on Em and Ex and 
is the opposite orientation in the second case. 

We split the canonical class Kx as in equation (|27T ) 

d d 

K x = Pm +Pn + ^ SiS * + r ' iRi + bxBx + <J x'^x- 
i=i i=i 

The coefficients in this formula can be determined using intersection numbers: 

K x ■ Sj = sjS] + r ; 
K x ■ Rj = sj 

Kx-Bx = bx{B 2 M + B 2 N )+a x 
K x ■ Ex = bx- 

Similarly, the coefficients pm and px can be determined by intersecting Kx with 
classes in P(M) and P(N). We assume that Em and E^r are oriented by the 
symplectic forms ojm and u>x- Then Ex is a symplectic surface in X of genus g 
and self-intersection 0, oriented by the symplectic form u>x- This implies by the 
adjunction formula 

b x = K x ■ E x = 2g - 2, 

hence 

a x = K X ■ B X - (2g - 2)(B 2 M + B 2 N ). 
Similarly, every rim torus Rj is of the form Cj x a M in dM' C X for some closed 
oriented curve Cj on Ej\/- Writing Cj as a linear combination of closed curves on 
Em without self-intersections and placing the corresponding rim tori into different 
layers Em X S 1 x ti in a collar Em x S" 1 x / of dM' , it follows that the rim torus 
Rj is a linear combination of embedded Lagrangian tori of self-intersection in 
X. Since the adjunction formula holds for each one of them, 

sj = 0, for all j = 1, . . . , d 

hence also 

rj = K x • Sj. 

To determine the coefficient pj\j we know that rf M Kx = K^> = P*mKm- This 
implies that the intersection of a class in P(M) with Kx is equal to its intersection 
with Km- Recall that by equation (O we have a decomposition 

(30) H 2 (M) = P(M)®ZE M ®ZB M . 
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By our choice of orientation for Sjvf, the adjunction formula holds and we have 
Km^m = 2g — 2. By equation (TTOb we can decompose Km in the direct sum (l30l) 

as 

(31) K M = Km~+ (K M B M - (2g - 2)B 2 M )X M + (2g - 2)B M , 

where the element Km, defined by this equation, is in P(M). It is then clear that 

Pm = K M - 

Similarly, 

K N = K^+ (K N B N - (2g - 2)B 2 N )Y, N + (2g - 2)B N 
with the class Kn in P(N) and we have 

Pn = K N . 

It remains to determine the intersections of the canonical class with the split classes 
Bx and S\, . . . ,Sd- This is more difficult and will be done in the following sub- 
sections. 

7.2. Construction of a holomorphic 2-form on X. We also need compatible al- 
most complex structures: We choose the standard almost complex structure Jd on 
D which maps Jod x = d y and Judy = —d x . In polar coordinates 

JdQt = \Qe 
JD^dg = -d r . 

We also choose a compatible almost complex structure Jx; on S which maps 
Jy,9 Zi = d Z2 and Jsd Z2 = —d Zl in suitable coordinates z = (^1,^2) on the 
surface E. The almost complex structure Jd + Js on the tubular neighbourhood 
D x S extends to compatible almost complex structures on M and N. 

Recall that the smooth sections of the canonical bundle Km are complex valued 
2-forms on M which are "holomorphic", i.e. complex linear. We choose the holo- 
morphic 1-form Q,£) = dx + idy on D, which can be written in polar coordinates 
as 

(32) fl D = (dr + irdd)e ie . 

This form satisfies Q,rj o J D = iQ D . We also choose a holomorphic 1-form 
on S. This form can be chosen such that it has precisely 2g — 2 different zeroes of 
index +1. We can assume that all zeroes are contained in a small disk Dy, around a 
point q disjoint from the zeroes. The form Qd A ils is then a holomorphic 2-form 
onflxE which has transverse zero set consisting of 2g — 2 parallel copies of D. 
This 2-form can be extended to holomorphic 2-forms on M and N as sections of 
the canonical bundles. 

Note that Jd and Q,d are not invariant under <3?, even if C = 0: On 5xE, where 
S is the circle of radius 1 / \[2~, we have 

$*dr = -dr 
$*d6 = dC - d6, 
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hence 

$*f2 D = -(dr + ir(d8 - dC))e~ i6+iC '. 
We also have on S x S 

$*<9 r = -<9 r 
= -d e 
$*d 2l = dd e + d Zl 
$*d Z2 = C 2 d e + d Z2 , 

where Q for i = 1, 2 denotes the partial derivative dC/dz{. Setting 

rj = ($»)- 1 ojo# # 

where J = Jd + «/s we obtain 

($* j)a r = v^a* 

{&J)d Zl =^C 1 d r + C 2 d 9 + d Z2 

($*j)d Z2 = j=c 2 d r - dde - d Zl . 

Using the same cut-off function as above in front of the partial derivatives of C, 
we can deform J through an almost complex structure on A x £ on the M side 
such that it coincides with the standard J at r = 1. The almost complex structure 
is everywhere compatible with the symplectic structure on A x S. We can also 
deform $*f&£> on A x £ with the cut-off function through a nowhere vanishing 1- 
form which is holomorphic for this almost complex structure such that it becomes 
at r = 1 equal to 

-(dr + ird6)e- ie+iC = -n D e~ 2ie+iC . 

Hence (ftp A Jls) can be deformed through a holomorphic 2-form on A x £ to 
the form 

-n D a ft se - 2if?+iC 

at r = 1. 

A section Ox for the canonical line bundle Kx can now be constructed in the 
following way: Choose a holomorphic 2-form Qjy on N which restricts on the 
tubular neighbourhood vY^n of radius 1 to the form — A where 

n% = {dr + ird9)e ie . 

Similarly, we choose a holomorphic 2-form Q,m on M which restricts on the tubu- 
lar neighbourhood vT<m of radius 2 to the form Sl^f A Qs, where 

= ( dr + irde y0 
On the boundary dN' = S x £ we have the holomorphic 2-form 
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It pulls back under $ to a holomorphic 2-form on dM' = S x E. By the argument 
above this form (together with the almost complex structure) can be deformed over 
A x E to the holomorphic 2-form 

(33) Q% A ^e- 2ie+lC 

at r = 1. 

Let A' denote the annulus between radius 1 and 2. We want to change the form 
in equation (l33l over 4'xS through a holomorphic 2-form to the form Qj^ A fig 
at r = 2. This form can then be extended over the rest of M using the 2-form fijy/ 
above. The almost complex structure will be extended by the standard one over 
A' x E. The change will be done by changing the function e - 2ie + tC at r = 1 




FIGURE 1 . Collars of the boundaries dM' and dN' 

over A' x E to the constant function with value 1 at r = 2. This is not possible if 
we consider the functions as having image in S , because they represent different 
cohomology classes on S 1 x E. Hence we consider S 1 C C and the change will 
involve crossings of zero. We choose a smooth function / : A' x E — ► C which is 
transverse to and satisfies 

h = e~™ + * C and f 2 1. 

The Poincare dual of the zero set of / is then the cohomology class of S 1 x E 
determined by the S^-valued function e 2ie ~ lC . 

Let 7^*, . . . , 7^*, a M * be a basis of H x (S l x E M ) as in Section^ Then 
the cohomology class determined by e 2ld ~ lC is equal to 

29 

i=i 

The Poincare dual of this class is 

29 

-£>rf + 2E M . 

8=1 

This implies: 
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Proposition 74. There exists a 2-form 0,' on A' x Ejvf which is holomorphic for 
Jd + Jt, and satisfies: 

• Q' = n% A n^e~ 2i6+iC atr = l and W = A f) s at r = 2. 

• The zeroes of the form £1' are all transverse and the zero set represents the 
class — Y^,=i tti^i 1 + 2E M in the interior of A' x Em and 2g — 2 parallel 
copies of A'. 

The appearance of the zero set — 2~2iL\ a i^^ + 2E M can be seen as the obstruc- 
tion to extending the S 1 -valued function on the boundary of A' x E given by fi at 
r = 1 and f'2 at r = 2 into the interior. Under inclusion in X, this class becomes 
the class 

Rc + 2Zx, 

where Rc denotes the rim torus in X determined by the diffeomorphism (j), cf. Def- 
inition [47] We get the following corollary: 

Corollary 75. There exists a symplectic form lux with compatible almost complex 
structure Jx and holomorphic 2-form £lx on X such that: 

• On the boundary dvT, n of the tubular neighbourhood ofT,x in N of radius 
2 the symplectic form and the almost complex structure are wj = lod + ujy, 
and Jx = Jd + while tlx = — &>d A f^s- 

• On the boundary dvY^M of the tubular neighbourhood of E m in M of ra- 
dius 2 the symplectic form and the almost complex structure are wj = 
uj£) + lj£ and Jx = Jd + Jt, while fix = ^z? A f^s. 

• On the subset o/VEjv between radius \j\[2 and 2, which is an annulus 
times Etv, the zero set of £lx consists of 2g — 2 parallel copies of the 
annulus. 

• On the subset of VEm between radius \ j\[2 and 2, which is an annulus 
times Em, the zero set of Vlx consists of 2g — 2 parallel copies of the 
annulus and a surface in the interior representing — Ylf=i ^^f 1 + 2E M . 

7.3. The formula for the canonical class of X. We first define the meaning of 
intersection numbers of the canonical class Km pulled back to M' and surfaces 
L M in M' which bound curves on dM'. 

Definition 76. Let be a given 1-form on E with 2g — 2 transverse zeroes, holo- 
morphic with respect to a given almost complex structure J^. Under the embed- 
ding %m and the trivialization tm of the normal bundle equip the tubular neighbour- 
hood i/Sm of radius 2 with the almost complex structure Jd + Js and the holomor- 
phic 2-form Qd A fix;. Let L M be a closed oriented surface in M' = M \ int vT<m 
which bounds a closed curve c M on dvY,M, disjoint from the zeroes of Qd A fix 
on the boundary. Then KmL M denotes the obstruction to extending the given sec- 
tion of Km on c M over the whole surface L AI . This is the number of zeroes one 
encounters when trying to extend the non-vanishing section of Km on dL M over 
allof /. A/ . 
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There is an exactly analogous definition for N with almost complex structure 
Jd + Jt, and holomorphic 2-form Qd A Qy: on the tubular neighbourhood vY,n of 
radius 2. 

We can now calculate Kx • ^x- Our choice of orientation for Ejvf and Sjy and 
the fact that S^Bm = +1 = ^>nBn determines an orientation of Bm and Bn 
and hence an orientation for Bx- 

Lemma 77. With this choice of orientation, we have KxBx = KmBm+K^B^+ 
2. 

Proof. We extend the holomorphic 2-form Od A f2s on the boundary dvYu m of the 
tubular neighbourhood of Sm in M of radius 2 to the holomorphic 2-form on vHm 
given by the same formula and then to a holomorphic 2-form on M \ int vT^m- The 
zero set of the resulting holomorphic 2-form &m restricted to vlljsd = Dm x Em 
consists of 2g — 2 parallel copies of Dm- We can choose the surface Bm such that 
it is parallel but disjoint from these copies of Dm inside vY^m and intersects the 
zero set of O m outside transverse. The zero set on Bm then consists of a set of 
points which count algebraically as KmBm- We can do a similar construction for 
N. We think of the surface Bx as being glued together from the surfaces Bm and 
Bn by deleting in each a disk of radius l/v2 in Dm and Dn around 0. On the 
M side we get two additional positive zeroes coming from the intersection with 
the class - Y%L X a^f + 2S M in Corollary |75] over the annulus in Dm between 
radius l/\/2 and 2. Adding these terms proves the claim. □ 

It remains to calculate the intersections Kx ■ Si which determine the rim tori 
contribution to the canonical class. Consider the surfaces S^ 1 and that bound 
the loops af 1 in dM' and <j) o af 1 in dN'. We choose the basis for Hi(T,), the rim 
tori R{, the curves af 1 \ctf and the surfaces 5$ , Sf as described in Section [631 
and Remark [70] In particular, the curve af 1 is given by the basis element 7 4 M . 

Lemma 78. With the choice of orientation as in Definition \58\ we have KxSi = 



Proof. The proof is the similar to the proof for Lemma [77] The minus sign in front 
of K^Sf 1 comes in because we have to change the orientation on 5^ if we want 
to sew it to Sf 1 to get the surface Si in X. This time the non-zero intersections 
over the annulus in Dm between radius l/y/2 and 2 come from the intersection of 
the annulus 



KmS { — K^S i — dj. 




2,2] 



and the class 



d 



J>rf + 2S 



M 



aiRi + 2S 



M 



i=l 



giving -a*. 



□ 
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This term can be evaluated more explicitly, because we have 

Sf = Df 

s? = Qf u c/f U Df, 

where U^' is constructed from a surface V-f in the closed manifold N representing 
ai{B x — Bj^'£ x ) by deleting the part in the interior of vY^^. There are additional 
rim tori terms in the definition of the S% used to separate Si and Sj for i ^ j which 
we can ignore here because the canonical class evaluates to zero on them. We think 
of the surface Qf as being constructed in the annulus between radius 2 and 3 times 
Stv- We extend the almost complex structure and the holomorphic 2-form over this 
annulus without change. By Lemma [65] we can assume that Qf is disjoint from 
the zero set of Qrj A f2s, consisting of 2g — 2 parallel annuli. Hence there are no 
zeroes of Qjy on Qf. The surface Df contributes K x Df to the number K^Sf 
and the surface Jjf contributes 

K N uf = ai K N (B N - (B 2 N )Z N ) 

= ai (K N B N -(2g-2)B 2 N ). 

Hence we get: 

Lemma 79. With our choice of the surfaces Sf 1 and Sf, we have 

K x Si = K M Df - K N Df - ai (K N B N + l-{2g- 2)B 2 N ). 

This formula has the advantage that the first two terms are independent of the 
choice of the diffeomorphism <fi. By collecting our calculations it follows that we 
can write 

d 

K x =7<^ + K^ + TiRi + b x B x +a x Z x , 
i=i 

where 

~Km = Km — (2g - 2)B M - (K M B M - (2g - 2)B 2 M )E M G P{M) 
= K N - (2g - 2)B N - (K N B N - (2g - 2)B 2 N )H N G P(N) 

n = K x Si = KMDf 1 - K N Df - ai (K N B N + l-{2g- 2)B%) 
b x = 2g-2 

a x = K M B M + K N B N + 2-{2g- 2){B 2 M + B%). 
In this formula K x depends on the diffeomoiphism 4> through the term 

- ai (K N B N + l-(2g- 2)B 2 N ) 
which gives the contribution 

d 

(K N B N + l-(2g- 2)B 2 N )R C = - <K N B N + l-(2g- 2)B%)Ri 

i=l 
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to the canonical class. The formula for Kx can be written more symmetrically by 
also using the class Yl x = Rc + Sx, induced from the push-off on the N side. 
We then get: 

Theorem 80. Let X = M#s M= s JV A^ be a symplectic generalized fibre sum of 
closed oriented symplectic 4-manifolds M and N along embedded symplectic sur- 
faces Em,Sjv of genus g which represent indivisible homology classes and are 
oriented by the symplectic forms. Suppose that the cohomology of M, N and X 
is torsion free. Choose a basis for if 2 (X;Z) as in Theorem l57l where the split 
classes are constructed from surfaces Sf 1 , as in Section lo31 and Remark [70l 
Then the canonical class of X is given by 

d 

K x = Km + b x B x +vx^x + Vx^'x, 
i=i 

where 

= K M - (2g - 2)B M - (K M B M - (2g - 2)B 2 M )^ M € P(M) 
K^ = K N -(2g- 2)B N - {K N B N - (2g - 2)B 2 N )V N G P(N) 

U = K M Df - K N D? 
b x = 2g-2 

rjx = K M B M + 1 - (2g - 2)B 2 M 
rj'x = K N B N + l-(2g- 2)B 2 N . 

Under the embeddings of H 2 (M) and H 2 (N) into H 2 (X) given by Corollary 
m~l the canonical classes of M and N map to 

K m ^Km~+ (2g - 2)B X + (K M B M - (2g - 2)B 2 M )E X 

K N ^K^+(2g- 2)B X + (K N B N - (2g - 2)B 2 N )T! X . 

This implies: 

Corollary 81. Under the assumptions in Theorem\8U\and the embeddings ofH 2 (M) 
and H 2 (N) into H 2 {X) given by Corollary\7l] the canonical class of the symplec- 
tic generalized fibre sum X = M#s M =s JV -^ r * s given by 

d 

K x = K M + K n + Z x + £'x - (2g - 2)B X + £ URi, 

i=l 

where U = K M Df - K N D? '. 

For example, suppose that g = 1, the coefficients t±, . . .td vanish and Ex = 
Tf x . Then we get the classical formula for the generalized fibre sum along tori 

K x = K M +K N + 2X X , 
which can be found in the literatur, e.g. [23 ]. 



GENERALIZED FIBRE SUMS AND THE CANONICAL CLASS 



47 



Remark 82. The coefficients U = K M Df - K N Df can be calculated as Kx Si, 
where X® = X(<po) is constructed from the trivial gluing diffeomorphism that 
identifies the push-offs and the split surfaces S% are sewed together from Df 4 and 
Df. 

8. Examples and applications 

To check the formula for the canonical class given by Theorem [80l we can cal- 
culate the square K x = Qx(Kx, Kx) and compare it with the classical formula 

(34) ci(X) 2 = Cl (M) 2 + cj(N) + (8g-8), 

which can be derived independently using the formulae for the Euler characteristic 
and the signature of a generalized fibre sum (see the proof of Corollary [39l > 

e{X) = e(M) + e(N) + (Ag - A) 
u{X) = a{M)+a{N) 

and the formula c\ = 2e + 3a. We do this step by step. By Theorem 1571 we have: 

Qx(Km,Km) = Qm{Km,Km) 
= Qm(Km, Km) 

= K 2 M - (2g - 2)K M B M - (2g - 2){K M B M - (2g - 2)B 2 M ) 
= K 2 M - (Ag - 4)K M B M + (2g - 2) 2 B 2 M . 

The second step in this calculation follows since by definition Km is orthogonal to 
Bm and Em- Similarly 

Qx(Kn,Kn) = K 2 n - {Ag - A)K N B N + (2g - 2) 2 B 2 N . 

The rim torus term J2i=i r i^i has zero intersection with itself and all other terms 
in Kx ■ We have 

Qx{b x Bx,b x Bx) = (2g - 2) 2 {B 2 M + B 2 N ), 

and 

2Q x {bxBx,ax^x) = 2{2g-2){K M B M + K N B N + 2-{2g-2)(B 2 M + B 2 N )). 

The self-intersection of Ex is zero. Adding these terms together, we get the ex- 
pected result 

K 2 x = K 2 M + K 2 N + (8g-8). 

As another check we compare the formula for Kx in Theorem[80]with a formula 
of Ionel and Parker that determines the intersection of Kx with certain homology 
classes for symplectic generalized fibre sums in arbitrary dimension and without 
the assumption of trivial normal bundles of Em and E^r (see [16, Lemma 2.4]). 
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For dimension 4 with surfaces of genus g and self-intersection zero the formula 
can be written (in our notation for the cohomology of X): 

K X C = K M C for C G P(M) 
K X C = K N C for C G P(N) 

Kx^x = Km^m = Kn^n 

= 2g — 2 (by the adjunction formula) 
K X R = for all elements in R(X) 
KxBx = KmBm + KnBn + 2(Bm^m = Bn'En) 

= KmBm + KnBn + 2. 

There is no statement about the intersection with classes in S'(X) that have a non- 
zero component in ker [%m © in)- We calculate the corresponding intersections 
with the formula for Kx in Theorem [80] For C G P{M) we have 

K X -C = K^-C 
= K M ■ C, 

where the second line follows because the terms in the formula for Km involving 
Bm and Ejvf have zero intersection with C, being a perpendicular element. A 
similar equation holds for N. The intersection with Y<x is given by 

K x ■ S x = (2g - 2)B X ■ S x 
= 20-2. 

The intersection with rim tori is zero and 

K x -B x = b x B\ + a x 

= (2g - 2){B M + B 2 N ) + K M B M + K N B N + 2 - (2g - 2)(B 2 M + B 2 N ) 
= K M B M + K N B N + 2, 

which also follows by Lemma [77] Hence with the formula in Theorem [80] we get 
the same result as with the formula of Ionel and Parker. 

The following corollary gives a criterion when the canonical class Kx is divisi- 
ble by d as an element in H 2 (X;Z). 

Corollary 83. Let X be a symplectic generalized fibre sum M#-£ M= -£ N N as in 
Theorem\80\ If Kx is divisible by an integer d > then 

• the integers 2g — 2 and KmBm + K^Bx + 2 are divisible by d, and 

• the cohomology classes Km — (KmBm)^m in -ff 2 (M;Z) and Kx — 
(KxBx)^n in H 2 (N; Z) are divisible by d. 

Conversely, if all coefficients ri vanish, then these conditions are also sufficient for 
Kx being divisible by d. 

The proof is immediate by the formula for the canonical class Kx, since Bx 
and Ex intersect once and are orthogonal to all other classes. 
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8.1. Generalized fibre sums along tori. We consider the special case of The- 
orem [80l where the embedded surfaces are tori. Let M and N be closed sym- 
plectic 4-manifolds which contain symplectically embedded tori Tm and T/v of 
self-intersection 0, representing indivisible classes. Suppose that M and N have 
torsion free homology and both tori are contained in cusp neighbourhoods. Then 
each torus has two vanishing cycles coming from the cusp. We choose identifica- 
tions of both Tm and T x with T 2 such that the vanishing cycles are given by the 
simple closed loops 71 = S 1 x 1 and 72 = 1 X S . The loops bound embedded 
vanishing disks in M and N, denoted by (Df ,D^) and (T>f ,T>f). The exis- 
tence of the vanishing disks shows that the embeddings Tm — ► M and T/v — ► N 
induce the zero map on the fundamental group. 

We choose for both tori trivializations of the normal bundles and corresponding 
push-offs T AI and T N . By choosing the trivializations appropriately we can as- 
sume that the vanishing disks bound the vanishing cycles on these push-offs and 
are contained in M \ int vTm and N \ mtuT x . The vanishing disks have self- 
intersection — 1 if the vanishing circles on the boundary of the tubular neighbour- 
hood are framed by the normal framing on the torus and the meridian. We consider 
the symplectic generalized fibre sum X = X{(f)) = M#t m =t n N for a gluing 
diffeomorphism 

4> : d(M \ int vT M ) -» d(N \ int vT N ). 

The vanishing cycles on both tori determine a basis for H\ (T 2 ). If Oj = (C, 7$) and 
a denotes the meridians to Tm in M and T/v in N, then the gluing diffeomorphism 
(f) : 8vTm — * dvTft maps in homology 

71 '— ► 7i + 0,1a 

72 72 + «2<7 
a 1 — ^ —a 

by LemmaEl Note that H x {X{(j))) ^ H X {M) H X {N) by TheoremE] Hence 
under our assumptions the homology of X(<p) is torsion free. The group of rim tori 
is R(X) = coker(i^ + i* N ) ^ Z 2 . Let R 1 , R 2 denote a basis for R(X). 

We can calculate the canonical class of X = X{4>) by Theorem l80l Let Bm and 
Bn denote surfaces in M and N which intersect Tm and T/v transversely once. 
Then the canonical class is given by 

K x = K^ + K^+ ( ri Ri + r 2 R 2 ) + b x B x + Vx T x + V ' X T X , 

where 



K M 


= K M - (K m Bm)T m G P(M) 




= K N - {K N B N )T N G P(N) 


n 


= K M Df - K N D? 


bx 


= 2g-2 = 


f]x 


= KmBm + 1 


V'x 


= K N B N + 1. 
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Here Tx is the torus in X determined by the push-off T M and T' x is determined 
by the push-off T N . 

Lemma 84. In the situation above we have K^D^ — K^Df = Ofor i = 1,2. 

Proof. The pairs {D^ , D^) and (D^f , ^2 ) sew together in the generalized fibre 
sum Xo = X((f>o), where <pQ denotes the trivial gluing diffeomorphism that ident- 
fies the push-offs, and determine embedded spheres Si, S2 of self-intersection —2. 
We claim that 

K Xo Si = K M Df - K N D? = 0, z = 1,2. 

This is clear by the adjunction formula if the spheres are symplectic or Lagrangian. 
In the general case, there exist rim tori R\ , R2 in Xq which are dual to the spheres 
Si , S2 and which can be assumed Lagrangian by the Gompf construction. Consider 
the pair Ri and Si: By the adjunction formula we have Kx Ri = 0. The sphere 
Si and the torus Ri intersect once. By smoothing the intersection point we get a 
smooth torus of self-intersection zero in Xq representing Ri + Si. The canonical 
class Kx is a Seiberg-Witten basic class. The adjunction inequality ll20l implies 
that Kx {Ri +Si) = 0, which shows that Kx Si = 0. In a similar way it follows 
that K Xo S 2 = 0. □ 

This implies: 

Proposition 85. Let M, N be closed symplectic 4-manifolds with torsion free ho- 
mology. Suppose that Tm and T/v are embedded symplectic tori of self-intersection 
which are contained in cusp neighbourhoods in M and N. Then the canonical 
class of the symplectic generalized fibre sum X = X{4>) = M#t m =t n N is given 
by 

K x = K^ + K^ + VxTx+v'xT x 
= K M + K N + T X +T X , 

where 

~Km = Km — (K M B M )T M G P(M) 
K^ = K N - (K N B N )T N E P(N) 

rjx = K M B M + 1 

r)' x = K N B N + 1. 

The second line in the formula for K x holds by Corollary\8l\under the embeddings 
ofH 2 (M)andH 2 (N)inH 2 (X). 

As a special case, suppose that the tori Tm and T/v are contained in smoothly 
embedded nuclei N(m) C M and N(n) C N, which are by definition diffeo- 
morphic to neighbourhoods of a cusp fibre and a section in the elliptic surfaces 
E(m) and E(n), cf. ifTTl [12l . The surfaces Bm and B^ can then be chosen as 
the spheres Sm,Sn inside the nuclei corresponding to the sections. The spheres 
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have self-intersection — m and — n respectively. If the sphere Sm is symplectic or 
Lagrangian in M, we get by the adjunction formula 

K m Sm = m - 2. 

If m = 2 this holds by an argument similar to the one in LemmalMl already without 
the assumption that Sm is symplectic or Lagrangian. With Proposition 1851 we get: 

Corollary 86. Let M, N be closed symplectic 4-manifolds with torsion free homol- 
ogy. Suppose that Tm and T/v are embedded symplectic tori of self-intersection 
which are contained in embedded nuclei N{m) C M and N(n) C N. Suppose 
that m = 2 or the sphere Sm is symplectic or Lagrangian. Similarly, suppose that 
n = 2 or the sphere Sm is symplectic or Lagrangian. Then the canonical class of 
the symplectic generalized fibre sum X = X(4>) = M#t m =t n N is given by 

K x = KM~ + K^+(m-l)T x + (n- 1)T' X , 

where 

KM~=K M -(m- 2)T M € P(M) 
K^ = K N -(n-2)T N eP(N). 

As an example we consider twisted fibre sums of elliptic surfaces E(m) and 
E(n) which are glued together by diffeomorphisms that preserve the S 1 fibration 
on the boundary, but not the T 2 fibration: 

Example 87. Suppose that M = E(m) and N = E(n) with general fibres Tm 
and T/v. The framing for the tori is given by the framing induced from the elliptic 
fibration. Since K E r m \ = (m — 2)Tm and the spheres in the nuclei are symplectic, 
the canonical class of X = X(cp) = E(m)#T M =T N E(n) is given b}0 

K x = (m-l)T x + (n-l)T' x . 

Using the identity T' x = Tx + Rc this formula can be written as 

K x = ~{n - l)R c + (m + n- 2)T X . 

If both coefficients a\ and a2 vanish, we get the standard formula 

K x = (m + n - 2)T X 

for the fibre sum E(m + n) = E(m)#T M =T N E(n). If n = 1 it follows that 
there is no rim tori contribution to the canonical class, independent of the gluing 
diffeomorphism 0. This can be explained because every orientation-preserving 
self-diffeomorphism of d(E(l) \ int vF) extends over E{\) \ int vF where F de- 
notes a general fibre. Hence all generalized fibre sums X{4>) are diffeomorphic to 
the elliptic surface E(m + 1) in this case (see |[T2l Theorem 8.3.11]). The same 
argument holds if n ^ 1 but m = 1. 



This formula can also be derived from a gluing formula for the Seiberg-Witten invariants along 
T 3 , cf. (2ll Corollary 22]. 
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If both m and n are different from 1, there may exist a non-trivial rim tori con- 
tribution. For example, if we consider the generalized fibre sum X = X{4>) = 

E(2)#t m =t n E(2) of two iC3-surfaces E(2), then 

K x = -{a 1 R 1 + a 2 R 2 ) + 2T x 
= T X +T' X 

If the greatest common divisor of at and a 2 is odd then Kx is indivisible (because 
there exist certain split classes in X dual to the rim tori R\ and R 2 ). In this case the 
manifold X is no longer spin, hence cannot be homeomorphic to the spin manifold 

E{A). 

We consider a more general case: For integers p£Z, let X(m, n, p) denote the 
symplectic fibre sum 

X(m,n,p) = E(m)# TM=TN E(n), 

of E(m) and E(n) along general fibres Tm,Tn with gluing diffeomorphism de- 
termined by a\ = p,a 2 = 0, hence representing the matrix 




The 4-manifold X(m,n,p) is simply-connected and has the same characteristic 
numbers c\ and a as the elliptic surface E(m + n). In particular, X(m,n,0) 
is diffeomorphic to E(m + n). The canonical class of X = X(m,n,p) can be 
calculated by the formula in Example [ 



K x = ~{n - 1) P R 1 + (m + n - 2)T X . 

There exist homology classes S± and Bx in X with S\R\ = 1,B X R\ = and 
S 1 T X = 0,B X T X = 1. 

Proposition 88. If (m + n — 2) does not divide (n — l)p, then X(m, n,p) is not 
diffeomorphic to the elliptic surface E{m + n). 

Proof. If X(rn,n,p) is diffeomorphic to E(m + n) and (m + n — 2) does not 
divide (n — l)p then we have constructed a symplectic structure on E(m + n) 
whose canonical class ifx is not divisible by m + n — 2. Under our assumptions X 
has > 3. The canonical class K x is a Seiberg-Witten basic class on E(m + n). 
However, it follows from the calculation of the Seiberg-Witten basic classes of 
E(rn + n), cf. (HdH, and a theorem of Taubes ll24l[T7ll that every basic class on 
E(rn + n) which can arise as the canonical class of a symplectic structure is equal 
to ±(m + n — 2)F, where F is a general fibre of the elliptic surface E(m + n). 
This is a contradiction. □ 

This also follows from [21 , Corollary 22]. As a corollary, we get a new proof of 
the following known theorem (cf. lfT2l Theorem 8.3.11] for a more general state- 
ment): 
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Corollary 89. Let n > 2, p € Z and F a general fibre in the elliptic surface E(n) 
with fibred tubular neighbourhood vF. Suppose that ip is an orientation preserving 
self-diffeomorphism ofdvF realizing 

1 \ 

1 U 5L(3,Z) 
p 1 / 

on H\(dvF). Then ip extends to an orientation preserving self-diffeomorphism of 
E(n) \ intvF if and only ifp = 0. 

Proof. Suppose that p ^ 0. If ip extends to a self-diffeomorphism of E(n) \int vF, 
then X(m, n, p) is diffeomorphic to E{m + n) for all m > 1. Since n 7^ 1 we can 
choose m large enough such that (m + n — 2) does not divide (n — This is a 
contradiction to Proposition [88] □ 

The diffeomorphism ip does extend in the case of E{\) for all integers p E Z, 
as has been mentioned already in Example [87] 
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